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Abstrat. The seond author gave a formula for the elements of the enveloping algebra of
a Lie superalgebra dened by Gorelik under an appropriate unimodularity assumption. We
show that this formula is a partiular ase of a formula for the Jaobian of the exponential
map of a symmetri superspae.
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Introdution.
In her PhD thesis [17℄, the seond author gave a formula for the elements, in the enveloping
algebra of a Lie superalgebra, dened by Gorelik [9℄ under an appropriate unimodularity as-
sumption. We reall Gorelik's denition. Let g = g0 ⊕ g1 be a nite dimensional superalgebra
over a eld of harateristi 0, and σ be the automorphism of g suh that σ(a) = a if a ∈ g0
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and σ(a) = −a if a ∈ g1. Arnaudon, Bauer and Frappat [1℄ dene the twisted adjoint ation
ad′(a) of a ∈ g in the enveloping algebra U(g) by
(1) ad′(a)(u) = au−±uσ(a) for u ∈ U(g).
Let S(g) be the symmetri algebra and β : S(g)→ U(g) be the symmetrization map. The nite
dimensional
1
subspae β(S(g1)) of U(g) is stable under the twisted adjoint ation (see [1℄).
Gorelik [9℄ proves that if the following unimodularity ondition holds,
(2) strg1(ad a) = 0 for a ∈ g0,
there exists a non zero invariant of the twisted adjoint ation T ∈ β(S(g1)), unique up to a
multipliative onstant. We all T a Gorelik element of U(g). The Gorelik elements ourred
already for osp(1, 2) in [14,19℄, for osp(1, 2l) in [1℄ under the name Casimir ghosts, and in [16℄.
The Gorelik elements play an important role in the representation theory of g, see in partiular
[911, 16, 19℄.
Formula for Gorelik's elements. Let us desribe the formula given in [17℄ for the Gorelik
elements. Let q = dim g1. Choose a basis d of the 1-dimensional spae S
q(g1). Consider the
algebra S(g1)
∗
dual of the oalgebra S(g1). By duality, S(g1) is a module over S(g1)
∗
; this
ation is the usual interior produt and the map f → fd is an isomorphism from S(g1)
∗
to
S(g1). In partiular, to desribe our formula means to desribe a speial element J2 ∈ S(g1)
∗
.
To do this, we use the generi point of g1. It is the element y =
∑
eix
i
of the Lie S(g1)
∗
-
superalgebra g⊗S(g1)
∗
, where (ei)1≤i≤q is a basis of g1 and (x
i)1≤i≤q is the orresponding dual
basis of g∗1. For k ∈ N, we have
(3) adk y =
∑
1≤i1<i2<···<ik≤q
∑
s∈Sk
± ad eis(1) · · · ad eis(k) x
i1 · · · xik .
In partiular, adk y = 0 if k > q. When k is even the spae g1 is invariant by ad eis(1) · · · ad eis(k) .
We onsider the nite sum
(4)
sh(ad y2 )
ad y2
= 1 +
ad2 y
24
+
ad4 y
1920
+ · · ·
It is an even invertible endomorphism of g⊗S(g1)
∗
whih stabilizes g1⊗S(g1)
∗
. We denote by
J2 ∈ S(g1)
∗
the Berezinian (in this ase the inverse of the determinant) of this endomorphism
of g1 ⊗ S(g1)
∗
. We summarize this denition by the notation
(5) J2 = Berg1
(
sh(ad y2 )
ad y2
)
.
Similarly, if k is even, we dene
(6) strg1(ad
k y) =
∑
1≤i1<i2<···<ik≤q
∑
s∈Sk
± strg1(ad eis1 · · · ad eisk) x
i1 · · · xik ∈ S(g1)
∗.
The relation Ber(exp(·)) = exp(str(·)) allows to write expliitly the Taylor expansion of J2 in
homogeneous omponents:
(7) J2 = 1 +
1
24
strg1(ad
2 y)−
strg1(ad
4 y)
2880
+
str2g1(ad
2 y)
1152
+ · · ·
For instane, for q = 2 we obtain
(8) J2 = 1 +
1
24
strg1(− ad e1 ad e2 + ad e2 ad e1) x
1x2.
We have see [17℄ and Corollary 4.3 below:
Theorem 0.1. Under the unimodularity ondition (2), β(J2d) is a Gorelik element of U(g).
1
Sine g1 is purely odd, S(g1) is isomorphi to the exterior algebra of g1 (see remark 1.1).
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For instane, for q = 2, if we hoose d = e1e2 we obtain the Gorelik element
(9) T =
1
2
(j(e1)j(e2)− j(e2)j(e1)) +
1
24
strg1(ad e1 ad e2 − ad e2 ad e1),
where j : g→ U(g) is the anonial injetion.
Ourrene of formal symmetri spaes. The ourrene of the operator
sh(ad y
2
)
ad y
2
suggests
a relation with the dierential of the exponential map. Indeed, we prove in this paper that
Theorem 0.1 is a partiular ase of a formula for the Jaobian of the exponential map for
symmetri spaes in the sense of supergeometry. A natural setting to present this result
is to onsider a Lie superalgebra g over a ommutative Q-superalgebra K, and a subalgebra
h ⊂ g suh that the quotient g/h is free of nite rank over K. The formal Lie supergroups G,
H and the formal homogeneous spae G/H an be dened by mean of suitable ommutative
K-superalgebras F (G), F (H), F (G/H) of formal funtions. Formal supergroups were rst
onsidered by Berezin and Ka [3℄. There exists and we hoose a formal dieomorphism θ :
g/h → G/H, or equivalently an algebra isomorphism θ∗ : F (G/H) → F (g/h) := S(g/h)∗
 i.e. into the algebra of formal funtions on g/h, whih is an algebra of formal power
series in a nite number of even and odd variables. In this situation, the dualizing F (G/H)-
module K(F (G/H)) is dened. It is free of rank 1: in the purely even ase (i.e. K = K0
and g = g0) it is the module of top degree dierential forms on G/H, and in general it is the
Berezinian of the module of 1-dierential forms (see [25℄ and subsetion 1.5 below). There is
a natural ation of g in K(F (G/H)) by Lie derivatives, and a natural K-linear isomorphism
θ∗ : K(F (G/H)) → K(F (g/h)). The unimodularity assumption reads:
(10) strg/h(ad a) = 0 for a ∈ h.
We show in proposition 3.3 that ondition (10) is equivalent to the existene of a g-invariant basis
DG/H ∈ K(F (G/H)). In this ase, there is a translation invariant element dg/h ∈ K(F (g/h))
and a funtion J ∈ F (g/h), the Jaobian of θ, suh that
(11) θ∗(DG/H) = Jdg/h and J(0) = 1.
We ompute this Jaobian in two ases.
First, we suppose that h = 0 and that g is a free K-module of nite rank. In theorem 2.1 we
give a formula for the Jaobian of the exponential map g → G. The result is not surprising,
but we think that it is a good introdution to the seond ase.
In the seond ase, we assume that h is the xed point set of an involution σ of g. We
write g = h ⊕ q the deomposition of g in 1 and −1 eigenspaes of σ. We say that (g, σ) or
g = h ⊕ q is a symmetri pair, and that G/H is symmetri. The exponential map is a formal
dieomorphism q→ G/H. We prove (see theorem 4.6 below):
Theorem 0.2. Suppose that g = h ⊕ q is a symmetri pair, that q is free of nite rank, and
that ondition (10) holds. Then the Jaobian of the exponential map q → G/H is the element
J ∈ F (q) given by the formula
(12) J = Berq
(
sh(ad y)
ad y
)
,
where y is the generi point of q.
We illustrate Theorem 0.2 in two partiular extreme ases.
Example 0.1. Suppose that K = R and that g = g0 is a nite dimensional Lie algebra. Let G
and H be onneted Lie groups with Lie algebras g and h, and suh that H is a losed subgroup
of G. Condition (10) is equivalent to the existene of a non zero left invariant dierential form
of maximal degree DG/H on G/H. It is well known (see for instane [21℄) that its inverse image
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by the exponential map exp : q → G/H at a point a ∈ q is equal to detq(
sh(ad a)
ad a )dq, where dq
is a form of maximal degree on q invariant by translations. Sine in this ase Berq = detq, we
reover Theorem 0.2 by taking the Taylor series of detq(
sh(ad a)
ad a ) at a = 0.
Example 0.2. Suppose that K = K0 is a eld of harateristi 0, and onsider a nite di-
mensional Lie superalgebra g = g0 ⊕ g1. This is a symmetri pair, and ondition (10) is the
same than Gorelik's ondition (2). Assuming this ondition, we prove in theorem 3.1 a result on
indued representations of a Lie superalgebra whih says in partiular that the image β˜(Jd) of
β(Jd) in U(g)/U(g)g0 is a non zero g-invariant element. We explain in subsetion 4.4 how The-
orem 0.1 follows by onsidering an isomorphism of g-modules from U(g)/U(g)g0 to the subspae
β(S(g1)) of U(g) endowed with the twisted adjoint ation.
In fat, it is better not to assume ondition (10): in general, we twist K(F (G/H)) by a
suitable line bundle on G/H to get the existene of an invariant element. More preisely, we
onsider the g-module F (G/H,Ber g/h) oindued by the rank 1 h-module provided by the
harater strg/h (for the details of these notations, see setion 3). It is a free F (G/H)-module
of rank 1, as well as the twisted dualizing module K(F (G/H),Ber g/h) := K(F (G/H))⊗F (G/H)
F (G/H,Ber g/h). We prove in proposition 3.4 that there is a anonial g-invariant basisDG/H ∈
K(F (G/H),Ber g/h). In Theorem 4.6, we prove formula (12) also in the twisted ase.
Formulas related to the symmetrization map. Our proofs involve many useful formulas
about the symmetrization β, in partiular how to work with indued and oindued represen-
tations in exponential oordinates. We think that they are of interest, independently of the
present appliation to Jaobians. In the Lie group ase G/H these formulas our more or less
expliitly in Rouvière [21, 22℄. In the ase of the symmetri pair g = g0 ⊕ g1 assoiated to a
nite dimensional Lie superalgebra dened over a eld of harateristi zero, they are given in
Koszul [13℄. However, our proofs are dierent. We use the methods of [17,18℄: we seek universal
formulas, that is formulas whih an be expressed in the same manner for all symmetri pairs
g = h⊕ q. They depend on a nite number of formal power series in K0[[t]] whih must satisfy
some funtional equations. We are luky enough: these funtional equations have solutions
whih are essentially unique, and whih are given by expliit formulas.
Hypotheses used in the text. We assume from the beginning that K ontains Q, beause the
main ators of this paper are the symmetrization β : S(g)→ U(g) and the related exponential
map g→ G. But nothing more. Besides the obvious fat that it is better to avoid unneessary
hypotheses, adding more assumptions on K (like K being a eld, or the weaker assumption
K = K0) would not be speially helpful, beause, as we have seen in formula (5), it is onvenient
to use Lie superalgebras over rings like exterior algebras.
For simpliity, we state and prove our results involving Berezinians and friends when g/h
is free of nite rank, even if they an probably easily be extended to the ase when g/h is
projetive of nite rank, or to a loally free sheaf version of it. For the other results, we suppose
that h is a diret fator of g, but we do not require anything more on the K-module struture
of g or h.
Working in this generality fores us to write more natural proofs. The drawbak is that we
have to use some results usually stated under the assumption that K is a eld. The main one
is the Poinaré-Birkho-Witt theorem whih states that the symmetrization β : S(g) → U(g)
is an isomorphism of oalgebras. This one is proved in [8℄ see also [18℄. For some others, like
Blattner's imprimitivity theorem [4℄, we provide the proofs.
1. Berezinians and dualizing modules.
1.1. Notations for modules. In this text, all Z-modules are supposed to be Z/2Z-graded. Let
M = M0 ⊕M1 be a Z-module. The elements of M0 are alled even, and the elements of M1
SYMMETRIC PAIRS AND GORELIK ELEMENTS 5
odd. We denote by p(m) ∈ Z/2Z = {0,1} the parity of an element m, in the following sense:
whenever the expression p(m) ours in a formula, it is impliitly assumed that m ∈Mp(m).
Depending on the ontext, we use the notations idM , id or 1 for the identity map of M .
We write Π for the hange of parity funtor. Thus (ΠM)0 = M1, (ΠM)1 = M0. We use the
notations piM or pi for the identity map of M when it is onsidered as a map from M → ΠM .
We x a ommutative Q-superalgebra K = K0 ⊕ K1, assoiative with unit 1 ∈ K0 (super-
ommutative in the terminology of [15, h. 3℄).
If M = M0 ⊕M1 is a K-module, we write km = ±mk for k ∈ K and m ∈ M , where here
and after, the symbols are impliitly assumed to be homogeneous, and the sign ± is obtained by
the standard rule of signs (see [15, h. 3.1℄). For instane in this ase, ± = (−1)p(k)p(m).
If M and N are K-modules, if K is lear from the ontext we write M ⊗ N for M ⊗K N ,
Hom(M,N) for HomK(M,N), End(M) for Hom(M,M), M
∗
for Hom(M,K). We reall that
the K-struture on ΠM is dened by piM (m)k = piM (mk), i.e. by the requirement piM ∈
Hom(M,ΠM)1.
Let M be a free K-module of nite rank. It is isomorphi to Kp ⊕ ΠKq for some uniquely
determined p and q in N. We say that p + q ∈ N is the rank of M . If we need to keep trak
of parities, we say that the rank is (p, q) ∈ N2. For instane, a module of rank 1 is isomorphi
either to K (in this ase it is of rank (1, 0)) or to ΠK (in this ase it is of rank (0, 1)).
Suppose (ei)i∈I is a basis of a free module M of nite rank. In this text we always suppose
that basis are homogeneous. We denote by (xi)i∈I the dual basis of M
∗
: xi(ej) = δ
i
j . If N is a
K-module, we identify Hom(M,N) and N ⊗M∗ in the usual manner. This identiation sends
idM ∈ End(M)0 to
∑
ei ⊗ x
i
, and piM ∈ Hom(M,ΠM)1 to
∑
piMei ⊗ x
i
.
1.2. Symmetri algebras as oalgebras. In this subsetion, we state the properties of formal
funtions on a K-module whih we shall need in the sequel. For a more detailed exposition, we
refer to [18, 20℄. Let M be a K-module. We denote by S(M) = ⊕n≥0S
n(M) the symmetri
algebra of M . It is an Hopf superalgebra.
Remark 1.1. Everything in this artile is onsidered in the super setting. Thus, S(M) is the
ommutative superalgebra freely generated by M. If M is a free K-module with basis (ei)1≤i≤n,
S(M) is equal to the ommutative superalgebra K[e1, . . . , en] of nite sums with oeients in
K of monomials ep11 . . . e
pn
n , with pi ≤ 1 if ei is odd.
In partiular, if (e1, ..., eq) is a basis of M onsisting of q odd elements, S(M) = K[e1, . . . , eq]
is the exterior algebra on the generators ei. It is a free K-module of rank 2
q
.
We denote by ∆S(M) ∈ Hom(S(M), S(M) ⊗ S(M)) the oprodut, and by SS(M) : S(M)→
S(M) the antipode. Let w ∈ S(M), we denote its oprodut by
∆S(M)(w) =
∑
wi ⊗ w
′
i.
We denote by F (M) the algebra S(M)∗ dual to the oalgebra S(M), and we onsider it as
the algebra of formal K-valued funtions dened in a formal neighborhood of 0 ∈M . We denote
by δ : F (M) → K the map dened by δ(f) = f(1). It is a morphism of K-superalgebras, and
we onsider it as the evaluation at 0 ∈M . Let S+(M) = ker δ. Thus S+(M) = ⊕n>0S
n(M).
Let N be a K-module. We denote by F (M,N) = Hom(S(M), N) the spae of formal N -
valued funtions on M . We identify N with the submodule of F (M,N) onsisting of the
onstant funtions, that is the funtions whih are zero over S+(M). We still denote by
δ : F (M,N)→ N the map dened by δ(f) = f(1).
The spae F (M,N) is an F (M)-module. More generally, if µ : N1 ⊗ N2 → N is a map of
K-modules, there is a orresponding map µ˜ : F (M,N1)⊗F (M) F (M,N2) → F (M,N), dened
by the formula
(13) µ˜(f1 ⊗ f2) = µ ◦ (f1 ⊗ f2) ◦∆S(M), for f1 ∈ F (M,N1), f2 ∈ F (M,N2).
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Depending on the setting, there are various notations for µ˜(f1 ⊗ f2). For instane, if N is
a Lie K-superalgebra with produt [n1, n2] = µ(n1 ⊗ n2), we usually employ the notation
[f1, f2] = µ˜(f1 ⊗ f2), whih gives to F (M,N) a Lie F (M)-superalgebra struture. Similarly, if
N is an assoiative algebra with produt n1n2 = µ(n1 ⊗ n2), we usually employ the notation
f1f2 = µ˜(f1 ⊗ f2).
However, in the speial ase N = S(M) we also use the notation f1 ∗f2 = µ˜(f1⊗f2). Indeed,
it is the traditional notation (see e.g. [20℄), and it helps to avoid onfusions with the omposition
of maps in F (M,S(M)) = End(S(M)), whih is a dierent assoiative produt. The onstant
funtion 1 ∈ F (M,S(M)) is the unit for the produt ∗. The identity idS(M) ∈ EndK(S(M))
and the antipode SS(M) ∈ EndK(S(M)) are mutual inverses for the produt ∗.
Let φ ∈ EndK(S(M)). We use the notation cφ = φ∗ idS(M) and we denote by ζφ its transpose
ating (as a derivation) in F (M,N). For w ∈ S(M) and g ∈ F (M,N), we have:
(14) cφ(w) =
∑
φ(wi)w
′
i and ζφ(g) = ±g ◦ cφ.
Note that any ψ ∈ EndK(S(M)) is of the form ψ = cφ with φ = SS(M) ∗ ψ. We onsider
partiular ases.
i) Let f ∈ F (M). Then ζf ∈ EndK(F (M,N)) is the left multipliation by f whih
denes the F (M)-module struture of F (M,N). Thus we just write fg = ζf (g) for
g ∈ F (M,N). Aordingly, for w ∈ S(M), we also write fw for cf (w). This provides
S(M) with a struture of F (M)-module.
Note that if f ∈ M∗, then cf is a derivation of S(M), it is the derivative in the
diretion f . So, for a general f ∈ F (M), cf may be thought of as an innite order
dierential operator with onstant oeients on S(M). However, in this paper, we
prefer to onsider cf (w) as the produt of the distribution w by the funtion f .
ii) Let w ∈ S(M). Then cw is the left multipliation by w. Thus, for f ∈ F (M,N) and
w′ ∈ S(M) we have:
(15) ζw(f)(w
′) = ±f(ww′).
We onsider ζw as a onstant oeient dierential operator on F (M,N). In partiular,
for m ∈M , ζm is the derivative in the diretion m.
The spae F (M,M) ⊂ End(S(M)) is alled the spae of formal vetor elds on M . Let
α ∈ F (M,M). In this ase cα is a oderivation of S(M) and ζα a derivation of F (M). For α
and β in F (M,M), we have (see [18, 20℄):
(16) [cα, cβ ] = −cγ and [ζα, ζβ] = ζγ , where γ = ζα(β)−±ζβ(α).
We denote by xM the identity map of M , onsidered as the element of F (M,M) whih is 0
on Sn(M) for n 6= 1. We all it the generi point of M .
1.3. Funtional alulus. Let M and N be K-modules. We say that a family (fi)i∈I of
elements of F (M,N) is loally nite if, for all w ∈ S(M), the number of elements i ∈ I suh
that fi(w) 6= 0 is nite. In this ase, we denote by
(17)
∑
i∈I
fi ∈ F (M,N)
the element suh that
(18) (
∑
i∈I
fi)(w) =
∑
i∈I
fi(w) for w ∈ S(M).
Let A be an assoiative K-superalgebra with unit 1 ∈ A0, and M be a K-module. Let us
onsider an X ∈ F (M,A)0 suh that δ(X) = 0. For w ∈ S
k(M), we have Xn(w) = 0 for n > k.
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Thus, for f =
∑
n≥0 fnt
n ∈ K0[[t]] we an dene f(X) ∈ F (M,A)0 by the loally nite sum
(19) f(X) =
∑
n≥0
fnX
n.
The rules of funtional alulus apply: f → f(X) is aK0-algebra homomorphism, and δ(f(X)) =
f0. Moreover, if g ∈ K0[[t]] veries g0 = 0, then f(g(X)) = f ◦ g(X) where f ◦ g ∈ K0[[t]]
is dened by f ◦ g(t) = f(g(t)). In partiular, (1 + X)−1 :=
∑
n≥0(−1)
nXn, log(1 + X) :=∑
n>0(−1)
n+1Xn
n and exp(X) :=
∑
n≥0
Xn
n! are dened. We shall need the following standard
supplement to the funtional alulus in subsetion 2.3.
Lemma 1.1. Let α ∈ F (M,M), f(t) ∈ K0[[t]], and X ∈ F (M)0 be suh that δ(X) = 0. Then
ζα(f(X)) = f
′(X)ζα(X).
Proof. We leave to the reader to hek that it redues to the ase f = tn and to the fat that
ζα is a derivation. 
Lemma 1.2. Suppose that N is a free K-module of nite rank (p, q). Then F (M,N) is a free
F (M)-module of nite rank (p, q). Let (φi)i∈I be a family of elements of F (M,N). Then it is
a basis of F (M,N) if and only if the family (δ(φi))i∈I is a basis of N .
Proof. The inlusion N ⊂ F (M,N) indues an isomorphism F (M) ⊗ N ≃ F (M,N). Let
vi := δ(φi). Obviously, if (φi)i∈I is a basis of F (M,N) then (vi)i∈I is a basis of N . Conversely,
suppose that (vi)i∈I is a basis of N . By the inlusion N ⊂ F (M,N) it is a basis of F (M,N).
Write φj =
∑
vig
i
j with g
i
j ∈ F (M). The square matrix g := (g
i
j) is even. The matrix
δ(g) is the identity I. By funtional alulus g is invertible with inverse (I + (g − I))−1 =
I + (I − g) + (I − g)2 + · · · . Thus (φi)i∈I is a basis of F (M,N). 
1.4. Berezinians and supertraes. In this subsetion, we onsider a K-module N whih is
free of nite rank.
Inside the ommutative superalgebra F (N,S(ΠN)) we onsider the subalgebra S(ΠN) ⊗
S(N∗) = S(ΠN ⊕N∗), and we still denote by pi the element of S(ΠN ⊕N∗) whih orresponds
to pi ∈ Hom(N,ΠN). We have pi2 = 0. Following Manin [15, h. 3.4℄, we dene the Berezinian
of the module N
(20) BerK(N) := ker pi/ im pi
as the homology of the multipliation by pi in S(ΠN ⊕ N∗). We write BerN or Ber(N) for
BerK(N) if K is lear from the ontext.
Let (ei)1≤i≤n be a totally ordered basis of N , and (x
i)1≤i≤n be the dual basis of N
∗
. We
have pi =
∑
piei x
i
. Let bi = piei if ei is even, and bi = x
i
if ei is odd. The element b1 · · · bn ∈
Sn(ΠN ⊕N∗) is annihilated by pi. We denote by
(21) D(e1, . . . , en) = b1 · · · bn mod piS(ΠN ⊕N
∗)
its lass in Ber(N). We reall the following fundamental fat from Manin [15, h. 3.4.7℄:
Lemma 1.3. The K-module Ber(N) is free of rank 1, with basis D(e1, . . . , en).
The module Ber(N) is a generalization of the top part of the exterior algebra in the free
ungraded situation. Indeed, when K = K0 and N = N0 is free with a nite basis (ei)1≤i≤n
onsisting entirely of even elements, then Ber(N) is the top degree part of the exterior algebra
of N .
Remark 1.2. Manin's denition of the Berezinian module is in fat Πp Ber(N), where (p, q)
is the rank of N  see [15, h. 3.4.7℄. In our presentation, there is no advantage in doing this
hange of parity.
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If A is an assoiative algebra with unit, we denote by A× the multipliative group of invertible
elements. We denote by GL(N) = End(N)×
0
the group of even isomorphisms of N . The natural
ation of g ∈ GL(N) in Ber(N) is by an even invertible salar Ber(g) ∈ K×
0
(or BerN (g) if we
need to speify) alled the Berezinian of g.
Similarly, the natural Lie ation ofX ∈ End(N) in Ber(N) is denoted by str(X) (or strN (X)),
and str ∈ End(N)∗
0
is a 1-dimensional representation of End(N) (onsidered as a Lie superal-
gebra) alled the supertrae. In terms of a basis, we have (see [15, h. 3.3℄)
(22) str(X) =
∑
(−1)p(ei)(p(ei)+p(X))xi(Xei).
Berezinian modules have funtorial properties whih are obvious on the level of the dening
omplexes: Ber(N) ≃ Ber((ΠN)∗), Ber(N ⊕ N ′) ≃ Ber(N) ⊗ Ber(N ′). Moreover, if K′ is a
ommutative K-superalgebra, we have a anonial isomorphism
(23) BerK′(N ⊗K K
′) ≃ BerK(N)⊗K K
′.
It is less obvious that there is a natural duality between Ber(N∗) and Ber(N):
Lemma 1.4. There exists an unique K-bilinear map < ·, · >: Ber(N∗) × Ber(N) → K suh
that, for any basis (ei)1≤i≤n of N , denoting by (x
i)1≤i≤n the dual basis of N
∗
, we have
(24) < D(xn, . . . , x1),D(e1, . . . , en) >= 1.
Remark 1.3. Note that we reversed the order of the basis of N∗ to avoid signs. The following
omputational proof of lemma 1.4 is not very informative. It would be interesting to replae it
by a more ategorial argument.
Proof. The lemma is equivalent to the following formula:
(25) Ber(g) = Ber(g∗) for g ∈ GL(N),
where g∗ ∈ End(N∗) is the transpose of g. This identity is given in [15, h. 3.3.6℄. 
In other terms, there is a anonial isomorphism
(26) Ber(N∗)⊗ Ber(N)→ K.
We denote by
(27) d := D(xn, ..., x1)⊗D(e1, ..., en) ∈ Ber(N
∗)⊗ Ber(N)
the inverse image of 1, and we all it the anonial element.
Let M be a K-module. Sine N is free of nite rank, the injetion N ⊂ F (M,N) indues
isomorphisms F (M) ⊗ N ≃ F (M,N) and F (M,EndK(N)) ≃ EndF (M)(F (M,N)). Let X ∈
F (M,EndK(N))0 be suh that δ(X) = 0. We have (see [15, h. 3.3℄ for a similar statement):
(28) BerF (M,N)(exp(X)) = exp(strF (M,N)(X)).
Note that the two sides of this equation are well dened elements of F (M). For the left
hand side, this is beause exp(X) ∈ GL(F (M,N)). For the right hand side, this is beause
δ(str(X)) = 0.
Consider in addition r =
∑
n≥0 rnt
n ∈ K0[[t]] suh that r0 = 1. Sine δ(r(X)) = 1, the
element r(X) is invertible and has a Berezinian Ber(r(X)) ∈ F (M). Dene w = log(r) ∈
tK0[[t]] by the formula:
(29) w = log(1 + (r − 1)) = (r − 1)−
(r − 1)2
2
+ · · · = r1t+ (r2 −
r21
2
)t2 + · · ·
By funtional alulus, we have r(X) = exp(w(X)) and, using (28), we nd
(30) Ber(r(X)) = exp(str(w(X)).
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1.5. Dualizing modules. Let y1, ..., yn be formal even or odd variables. We denote by
K[[y1, . . . , yn]] the superalgebra of formal series, that is the ommutative superalgebra of formal
sums with oeients in K of monomials (y1)m1 · · · (yn)mn , with mi ∈ N, and mi ≤ 1 if y
i
is
odd. If p is the number of even variables and q the number of odd variables, we say that the
dimension of K[[y1, . . . , yn]] is (p, q). We denote by δ ∈ Hom(K[[y1, . . . , yn]],K) the algebra
homomorphism whih is zero on the yi.
Remark 1.4. Let K be a eld. Then the algebra K[[y1, . . . , yn]] is loal, and δ is its unique
algebra homomorphism with values in K. As we prefer not to make this assumption on K, we
speify δ and onsider K[[y1, . . . , yn]] as an augmented algebra.
Augmented algebras. Reall that an assoiative K-superalgebra A with unit is alled
augmented if it is provided with a K-algebra morphism δ : A→ K, the augmentation. We use
the notation A+ = ker δ ⊂ A. The map δ indues an isomorphism A/A+ ≃ K and provides K
with an A-algebra struture.
We provide A with the A+-adi topology: a linear endomorphism X ∈ End(A) is ontinuous
if for all n ∈ N, there exists m ∈ N suh that X((A+)m) ⊂ (A+)n. The A-module of ontinuous
derivations of A is denoted by T (A). A linear form w ∈ A∗ is ontinuous if there exists n ∈ N
suh that w|(A+)n = 0. We denote by A∗ ⊂ A
∗
the ontinuous dual (it is also alled the spae
of distributions with support {δ}).
If V is an A-module, we onsider the K-module V := V/A+V = V ⊗A K, and we denote by
δ¯ = idV ⊗Aδ the quotient map V → V . We denote by a the K-module of δ-derivations A→ K.
Example 1.1. (Basi example). Let A = K[[y1, . . . , yn]]. We use the notation ∂
∂yi
for the
ontinuous derivation of K[[y1, . . . , yn]] suh that ∂y
j
∂yi
= δji . These derivation form a basis of the
K[[y1, . . . , yn]]-module T (K[[y1, . . . , yn]]). The elements ei := (−1)
p(yi)δ ◦ ∂
∂yi
provide a basis
of a. The images of yi in A+/(A+)2 form the dual basis of a∗, and the module
⊕n
i=1 Ky
i
is a
supplementary fator for (A+)2 in A+.
Denition 1.1. We say that an augmented K-superalgebra A is formally smooth of dimension
(p, q) if it is isomorphi to an augmented algebra K[[y1, . . . , yn]] of dimension (p, q).
Thus, if A is formally smooth, the hoie of an isomorphism θ∗ : A → K[[y1, . . . , yn]] is
equivalent to the hoie of the orresponding elements xi := θ∗−1(yi) ∈ A+. We write A =
K[[x1, . . . , xn]], and all the family (xi)1≤i≤n a system of loal oordinates at the point {δ}.
The dualizing module of a formally smooth augmented algebra. For the rest of
this setion, we onsider a formally smooth augmented K-superalgebra A of dimension (p, q).
Thus a is free of rank (p, q) over K and T (A) is free of rank (p, q) over A. The spae A∗ is a
oommutative oalgebra with ounit δ, and A an be identied to the dual of A∗.
The dual HomA(T (A), A) is denoted by Ω
1
ev(A): it is the spae of even 1-dierential forms.
We denote by Ω1(A) the spae ΠΩ1ev: it is the spae of 1-dierential forms. For f ∈ A, we
denote by devf the element of Ω
1
ev(A) suh that T (A) ∋ ζ 7→ ±ζ(f), and df := pidevf ∈ Ω
1(A).
Following [25℄, we dene the dualizing module K(A) by the formula
(31) K(A) = BerA(Ω
1
ev(A)).
It is a free A-module of rank 1.
Let (xi)1≤i≤n be a hoie of loal oordinates at the point {δ}. The family (devx
i) is a basis
of Ω1ev(A) with dual basis of T (A) the vetor elds
∂
∂xi
. Reall that  see formula (21) the
lass of b1 · · · bn, with bi = dx
i
if xi is even, or bi =
∂
∂xi
if xi is odd, is a basis of K(A) whih is
denoted by D(devx
1, . . . , devx
n).
Thus, the K-module K(A)/A+K(A) is free of rank 1.
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Remark 1.5. Sine δ¯ : Ω1ev(A)/A
+Ω1ev(A) → a
∗
is an isomorphism, we obtain from (23) an
isomorphism
(32) δ¯ : K(A)/A+K(A)→ BerK(a
∗).
In oordinates, for φ ∈ A, we have δ¯(D(devx
1, . . . , devx
n)φ) = D(x1, . . . , xn)δ(φ).
Tensorial modules and divergene. Reall that T (A) is a Lie K-subalgebra of EndK(A).
Denition 1.2. We say that an A-module V endowed with a T (A)-module struture is a T (A)−
A-module if we have
(33) ζ(fv) = ζ(f)v ± fζ(v) for all f ∈ A, v ∈ V, ζ ∈ T (A).
The ation of ζ is alled the Lie derivative with respet to ζ in V, and is traditionally denoted
by L(ζ).
If V is a T (A)−A-module, so are the module ΠV and the dual V∗ = HomA(V, A), eah one
with the natural ations. If V and W are T (A)−A-modules, so are V ⊗AW and HomA(V,W),
with the natural ations.
For instane, A with the Lie derivative L(ζ) = ζ is a T (A)−A-module.
Example 1.2. Another important example for this text is T (A), with the Lie derivative L(ζ) =
ad(ζ).
It follows that the tensor spaes, obtained from Ω1ev(A), Ω
1(A) ≡ ΠΩ1ev(A), T (A) and ΠT (A)
by taking tensor produts over A and T (A)-invariant subquotients, are naturally T (A) − A-
modules. We all these T (A)−A-modules tensorial modules.
Remark 1.6. In partiular, sine pi ∈ HomA(Ω
1
ev(A),Ω
1(A)) is annihilated by the Lie deriva-
tives, K(A) inherits a Lie derivative and is a tensorial module.
We shall need the following relation (see [12℄ for a similar statement):
(34) L(fζ)(D) = fL(ζ)(D)± ζ(f)D, for f ∈ A, ζ ∈ T (A),D ∈ K(A).
Let D ∈ K(A) be a basis. The divergene divD(ζ) ∈ A of ζ ∈ T (A) with respet to the basis
D is dened by
(35) L(ζ)(D) = divD(ζ)D.
Invariane by translation. Let M be a free K-module of nite rank (p, q). We speialize
to the ase A = F (M). Let (ei)1≤i≤n be a totally ordered basis of M , and (x
i)1≤i≤n the
orresponding dual basis of M∗. This provides an identiation F (M) = K[[x1, . . . , xn]], and
F (M) is formally smooth with loal oordinates (xi)1≤i≤n.
We say that an element d ∈ K(F (M)) is invariant by translations if L(ζm)d = 0 for all
m ∈M (ζm is the derivative in the diretion m dened in (15)).
Lemma 1.5. The K-submodule of K(F (M)) of elements whih are invariant by translations is
free of rank 1. A basis of this module is also a basis of K(F (M)) onsidered as an F (M)-module.
Proof. In oordinates, D(devx
1, . . . , devx
n) is suh a basis. 
For a basis d invariant by translation, we write simply div for divd. Let
∑
ζ i ∂
∂xi
be a
derivation of K[[x1, . . . , xn]]. The following well known formula follows from invariane by
translations and formula (34):
(36) div(
∑
ζ i
∂
∂xi
) =
∑
±
∂ζ i
∂xi
.
Isomorphisms of augmented algebras. Let A and B be two formally smooth augmented
superalgebras and θ∗ : B → A an isomorphism of augmented algebras. By transposition,
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θ∗ indues an isomorphism of Lie K-superalgebras θ∗ : T (A) → T (B), and of K-modules
θ∗ : Ω1ev(B) → Ω
1
ev(A). We denote also by θ
∗ : T (B) → T (A) the inverse of the map θ∗. This
indues K-isomorphisms θ∗ between various tensor spaes related to B and A, and in partiular
a bijetion
(37) θ∗ : K(B)→ K(A)
whih satisfy the relations
(38) θ∗(fω) = θ∗(f)θ∗(ω) for f ∈ B and ω ∈ K(B),
(39) θ∗(ζω) = θ∗(ζ)θ∗(ω) for ζ ∈ T (B) and ω ∈ K(B).
1.6. Dualizing modules and duality. Let A be a formally smooth augmented superalgebra.
Among the many possible tensorial modules, the dualizing module K(A) is speially important
beause of its role in integration and duality. This is explained in the ase of supermanifolds
(algebrai, omplex analyti, smooth) in [15, 24, 25℄. In our formal ontext, see the work of
Chemla [57℄. To study Gorelik elements, we need only the simple partiular ase whih we
desribe below.
Assume that A has dimension (0, q). Let x1, . . . , xq be odd oordinates. We have A =
K[x1, . . . , xq]in this ase formal series are polynomials. As a K-module, A is free of nite rank
2q. It implies that the dual A∗ is equal to the ontinuous dual A∗. We have K(A) = S
q(T (A)).
Reall that the vetor elds
∂
∂x1
, . . . , ∂∂xq are a basis of T (A). Any element of K(A) an be
written in an unique manner as
∂
∂x1
· · · ∂∂xq φ with φ ∈ A. Berezin integral
∫
: K(A) → K is
dened by the formula
(40)
∫
∂
∂x1
· · ·
∂
∂xq
φ = δ
(
∂
∂x1
· · ·
∂
∂xq
(φ)
)
.
The main point, due to Berezin, is that Berezin integral does not depend on the hoie of
the oordinates x1, . . . , xq. Berezin integral provides an isomorphism of T (A) − A-modules
ψA : K(A)→ A∗ by the formula
(41) ψA(ω)(φ) =
∫
ωφ for ω ∈ K(A), φ ∈ A.
The hoie of oordinates identies A and S(a)∗, and A∗ and S(a). We write ψA using this
identiation, and the elements ei ∈ a suh that x
j(ei) = δ
j
i  note that ei = −δ ◦
∂
∂xi
.
Lemma 1.6. We have
ψA
(
∂
∂x1
· · ·
∂
∂xq
φ
)
= (−1)qe1 . . . eqφ.
Proof. Sine ψA is a morphism of A modules, it is suient to prove the lemma for φ =
1. We have ψA(
∂
∂x1
· · · ∂∂xq )(φ
′) = 0 if φ′ ∈ K[x1, . . . , xq] is of degree smaller then q, and
ψA(
∂
∂x1
· · · ∂∂xq )(x
q · · · x1) = 1. This proves the lemma. 
Let B another augmented algebra and θ∗ : B → A and isomorphism of augmented algebras.
It is the transpose of a oalgebra isomorphism θ : A∗ → B∗. Reall from (37) the isomorphism
θ∗ : K(B)→ K(A).
Lemma 1.7. We have ψB = θ ◦ ψA ◦ θ
∗
.
Proof. For ω ∈ K(B), we have
∫
θ∗(ω) =
∫
ω. The lemma follows from (38). 
2. Dualizing modules on formal Lie supergroups.
Let g = g0 ⊕ g1 be a Lie K-superalgebra, and U(g) be its enveloping algebra. We denote by
j : g→ U(g) the anonial map. Sine K0 ontains Q, j is injetive (f. [8, 18℄).
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2.1. Enveloping algebras as oalgebras. We use the notation U+(g) for the ideal generated
by g.
Reall that U(g) is a oommutative Hopf superalgebra. For u ∈ U(g), we write
(42) ∆U(g)(u) =
∑
ui ⊗ u
′
i
for its oprodut, and we denote by SU(g) : U(g) → U(g) the antipode. We use the notation
F (G) for the ommutative superalgebra U(g)∗ (dual of the ommutative oalgebra U(g)) pro-
vided with the augmentation δ : f → f(1). This an be onsidered as the denition of a formal
Lie supergroup G: F (G) is the spae of formal funtions dened in a formal neighborhood of
1 ∈ G, and δ is the evaluation at 1.
For a K-moduleN , we dene in a similar way F (G,N) = Hom(U(g), N), onsidered as theN -
valued funtions on G. As in subsetion 1.2, F (G,N) is an F (G)-module, and, if µ : N1⊗N2 →
N is a map of K-modules, there is a orresponding map µ˜ : F (G,N1) ⊗F (M) F (G,N2) →
F (G,N). In partiular, if N is a K-superalgebra, F (G,N) is an F (G)-superalgebra.
If f1 and f2 are in End(U(g)) we use the notation f1 ∗ f2 for the produt in F (G,U(g)) =
End(U(g)). Formulas (14) generalize in two versions, one for left and one for right ation. Here
are the details. Let φ ∈ End(U(g)). We use the notation cλφ = φ ∗ idU(g) and we denote by ζ
λ
φ
the transpose map ating in F (G,N). For u ∈ U(g) and g ∈ F (G,N), we have
(43) cλφ(u) =
∑
φ(ui)u
′
i and ζ
λ
φ(g) = ±g ◦ c
λ
φ.
Similarly, we use the notation cρφ = idU(g) ∗φ and we denote by ζ
ρ
φ the transpose map ating in
F (G,N). Thus we have
(44) cρφ(u) =
∑
±uiφ(u
′
i) and ζ
ρ
φ(g) = ±g ◦ c
ρ
φ.
Note that φ = SU(g) ∗ c
ρ
φ = c
λ
φ ∗ SU(g), and that c
ρ
φ = idU(g)) ∗c
λ
φ ∗ SU(g).
Let v ∈ U(g). We denote by lv the left multipliation by v in U(g). Identifying v with the
onstant funtion on G with value v we get cλv = lv. Similarly, c
ρ
v(u) = ±uv, ζλv is the right
invariant dierential operator whose evaluation at 1 is equal to v, and ζρv is the left invariant
dierential operator whose evaluation at 1 is equal to v. For a ∈ g, we will simply write
la := lj(a), ζ
λ
a := ζ
λ
j(a) and ζ
ρ
a := ζ
ρ
j(a).
Let f ∈ F (G). Identifying it with a salar valued element of End(U(g)), we get cρf = c
λ
f .
This provides U(g) with a struture of F (G)-module. Aordingly, for u ∈ U(g), we also write
fu for cf (u).
An element α ∈ F (G, g) is alled a vetor eld on G.
Remark 2.1. Both ζλα and ζ
ρ
α are elements of T (F (G)).
Let β ∈ F (G, g) be a vetor eld. We have
(45) [ζρα, ζ
ρ
β ] = ζ
ρ
γ with γ = ζ
ρ
α(β)−±ζ
ρ
β(α) + [α, β],
(46) [ζλα, ζ
λ
β ] = ζ
λ
γ′ with γ
′ = ζλα(β)−±ζ
λ
β (α) − [α, β],
(47) [ζλα, ζ
ρ
β] = ζ
ρ
γ1 −±ζ
λ
γ2 , with γ1 = ζ
λ
α(β) and γ2 = ζ
ρ
β(α).
These formulas inlude as partiular ases formulas (16) when g is ommutative, and the for-
mulas [ζρa , ζ
ρ
b ] = ζ
ρ
[a,b], [ζ
λ
a , ζ
λ
b ] = −ζ
λ
[a,b] and [ζ
λ
a , ζ
ρ
b ] = 0 for a ∈ g and b ∈ g. We have similar
relations for the oderivations cρα and cλα of U(g). We note the following lassial proposition.
Proposition 2.1. The map α→ cρα is an isomorphism from F (G, g) to the spae of oderiva-
tions of U(g).
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Proof. Sine K ontains Q, g is the subspae of primitive elements of U(g). As in [20, theorem 1℄,
this implies the proposition. 
2.2. The exponential map of a formal Lie supergroup. Reall from [8℄, [18℄ that the
symmetrization β : S(g)→ U(g) is a oalgebra isomorphism suh that β(1) = 1 and β(a) = j(a)
for a ∈ g.
Remark 2.2. The transpose map β∗ : F (G)→ F (g) is an isomorphism of augmented algebras.
We denote also by β∗ : F (G,N)→ F (g, N) the map dened by β∗(g) = g◦β for g ∈ F (G,N).
We onsider β as a formal dieomorphism from a neighborhood of 0 ∈ g to a neighborhood
of 1 ∈ G. This is the formal analog of the usual exponential map. It an also be written as an
exponential in our formal setting: extend j to an element of the algebra F (g, U(g)) by assigning
the value zero on Sn(g) for n 6= 1. The sum exp(j) =
∑
n≥0
jn
n! is loally nite and β = exp(j).
2.3. The generi point of a Lie superalgebra. In this subsetion, we ollet some results
on F (g) needed later. We write simply x = xg ∈ F (g, g) the generi point of g.
We onsider adx ∈ EndF (g)(F (g, g)). For p =
∑
n≥0 pnt
n ∈ K0[[t]], we an dene p(adx) ∈
EndF (g)(F (g, g)) by a loally nite sum as in (19). For any vetor eld α ∈ F (g, g), we obtain
a new vetor eld p(adx)(α). As in [18℄, the vetor elds
(48) p(adx)(a) =
∑
n≥0
pn ad
n(x)(a) with a ∈ g,
their orresponding oderivations cp(ad x)(a) of S(g), and the transpose operators ζp(adx)(a) of
F (g, N) (N is a K-module), play a speial role. We reall how to ompute p(ad x)(a). Let b1,
b2, . . . , bn in g. We have (see [18℄)
(49) p(adx)(a) : b1 · · · bn 7→ pn
∑
s∈Sn
± ad bs(1) · · · ad bs(n)(a).
In the rest of this setion, we suppose that g is free of nite rank. The Lie superalgebra
F (g, g) = g ⊗ F (g) is free of nite rank over F (g). Thus, the divergene div(ζp(adx)a) ∈ F (g)
of the derivation assoiated to the vetor eld p(adx)(a) is dened in (36). Similarly, for
w ∈ K0[[t]], the funtion str(w(ad x)) ∈ F (g) is dened. We state some results relating these
objets.
Proposition 2.2.
(50) div(ζp(adx)a) = − str
(
p(ad x)− p(0)
adx
ad a
)
.
Proof. It is suient to prove it for p(t) = tn. We pik a basis (ei)i∈I of g and the orresponding
dual basis (xi)i∈I of g
∗
. Let ζei the derivative in the diretion ei. We have
ζei
(
adn(x)(a)
)
=
∑
p+q=n−1
adp(x) ad(ei) ad
q(x)(a)(51)
=
∑
p+q=n−1
adp(x) ([ei, ad
q(x)(a)])
= −
∑
p+q=n−1
adp(x) ad(adq(x)(a))(ei).
Applying formula (36), we get
(52) div
(
ζadn(x)(a)
)
= − str

 ∑
p+q=n−1
adp(x) ad(adq(x)(a))

 .
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Using the notations X := adx, A := ad a and the relation ad(adn(x)(a)) = adn(X)(A), we
obtain
(53) div
(
ζadn(x)(a)
)
= − str

 ∑
p+q=n−1
Xp adq(X)(A)

 .
Let l and r be the left and right multipliation by X in EndF (g)(F (g, g)). Sine adX = l − r,
we obtain
(54) div
(
ζadn(x)(a)
)
= − str

 ∑
p+q=n−1
lp(l − r)q(A)

 .
For all Y ∈ EndF (g)(F (g, g)) we have str((l − r)Y ) = str(XY − Y X) = 0. We obtain
(55) div
(
ζadn(x)(a)
)
= − str(ln−1(A)) = − str
(
adn−1(x) ad a
)
,
whih is what we want. 
Proposition 2.3.
(56) ζp(adx)(a) (str (w(ad x))) = str
(
p(0)w′(ad x) ad a
)
.
Proof. It is suient to prove it for w = tn. Using the same notations and arguments in the
proof of proposition 2.2 we have
ζp(adx)(a) (str(ad
n(x))) =
∑
p+q=n−1
str (adp(x) ad(p(adx)(a)) adq(x))(57)
=
∑
p+q=n−1
str (Xpp(adX)(A)Xq)(58)
=
∑
p+q=n−1
str (lprqp(l − r)(A)) .(59)
Sine p(l − r)− p(0) is divisible by l − r, we obtain
ζp(adx)(a) (str(ad
n x)) =
∑
p+q=n−1
str (p(0)lprq(A))(60)
=
∑
p+q=n−1
str
(
p(0)Xp+qA) = str(p(0)nXn−1A
)
,(61)
whih is what we want. 
Let r(t) = 1 + r1t + · · · ∈ K0[[t]]. Sine r(adx) is an even invertible endomorphism of
g ⊗ F (g), the Berezinian Ber r(adx) ∈ F (g) is dened. Reall from (29) the denition of
w = log(r). From (30) we obtain
(62) Ber r(adx) = exp (str(w(ad x))) .
Proposition 2.4.
(63) ζp(adx)(a) (Ber r(adx)) = str
(
p(0)w′(ad x) ad a
)
Ber r(adx).
Proof. By lemma 1.1 applied with f(t) = exp(t) and X = str(w(ad x)), we have
(64) ζp(adx)(a) (Ber r(adx)) = ζp(adx)(a) (str(w(ad x))) Ber r(adx).
Then the result follows from proposition 2.3. 
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2.4. The Jaobian of the exponential map. In this subsetion we suppose that g is free
of nite rank as a K-module. The algebra F (G) is formally smooth, and the dualizing module
K(F (G)) is a free F (G)-module of rank 1.
Remark 2.3. Let V be a T (F (G)) − F (G)-module (see denition 1.2). By omposing the
Lie derivative with the representations a → −ζλa and a → ζ
ρ
a of g, we get two ommuting
representations of g in V (reall remark 2.1). They are alled respetively the left and right
ations of g.
Proposition 2.5. The map F (G, g) ∋ α→ ζρα ∈ T (F (G)) is an isomorphism of F (G)-modules.
It intertwines the left ations −ζλa and L(−ζ
λ
a ) of a ∈ g.
Proof. The rst assertion follows from proposition 2.1. By denition of the Lie derivative in
T (F (G)) we have L(ζλa )(ζ
ρ
α) = [ζλa , ζ
ρ
α]. Sine ζ
ρ
α(a) = 0, it follows from formula (47) that we
have [ζλa , ζ
ρ
α] = ζ
ρ
γ with γ = ζ
ρ
a(α). 
Remark 2.4. By duality, we dene an isomorphism F (G, g∗) ∋ µ 7→ ωµev,ρ ∈ Ω1ev(F (G)) by
ωµev,ρ(ζ
ρ
α) = µ(α). It intertwines the left ations −ζλa and L(−ζ
λ
a ) of a ∈ g. In partiular, it
denes a K-isomorphism g∗ ∋ f → ωfev,ρ into the spae of left invariant dierential forms.
Let (ei)1≤i≤n be a totally ordered basis of g, and (x
i)1≤i≤n its dual basis. The derivations
ζρi := ζ
ρ
ei form a basis of T (F (G)). Let ω
i
ev,ρ ∈ Ω
1
ev(F (G)) be the elements of the dual basis.
We denote by Dρ = D(ω1ev,ρ, . . . , ω
n
ev,ρ) the orresponding basis of K(F (G)). It is invariant by
the left ation of g in K(F (G)), and (reall (32)) δ¯Dρ = D(x1, . . . , xn) ∈ Ber(g∗). We obtain
the following result.
Proposition 2.6. The K-module of elements of K(F (G)) invariant by the left ation of g is
free of rank 1. A basis of this module is also a basis of K(F (G)) as an F (G)-module.
Similarly, d := D(devx
1, . . . , devx
n) is a basis ofK(F (g)) invariant by translations (see lemma
1.5), and δ¯d = D(x1, . . . , xn) ∈ Ber(g∗). The symmetrization β indues an isomorphism β∗ :
K(F (G)) → K(F (g)), and the element β∗(Dρ) is a basis of K(F (g)). There exists an unique
Jρ ∈ F (g)0
(65) β∗(Dρ) = Jρd.
Sine Jρ does not depend on the hoie of the basis (ei)1≤i≤n, there is no ambiguity in the
denition of Jρ. The funtion Jρ is alled the Jaobian of the exponential map in the left
invariant frame. The following formula is well known in the ase of Lie groups.
Theorem 2.1. Let x be the generi point of g. We have
(66) Jρ = Ber
(
1− e− adx
adx
)
.
Proof. We give two proofs. Both use the notations r(t) = 1−e
−t
t , p(t) =
t
et−1 and w(t) =
log(r(t)).
First proof. As in remark 2.4, replaing G with g, we identify Ω1ev(F (g)) with F (g, g
∗). We
reall the formula given in [18℄ for β∗(ωiev,ρ) ∈ F (g, g
∗). We onsider r(adx) ∈ F (g,End(g)) =
EndF (g)(F (g, g)) as an element of GL(F (g, g)). Its transpose r(adx)
∗
belongs to GL(F (g, g∗))
and we have β∗(ωiev,ρ) = r(adx)
∗(xi). By denition of the Berezinian, the Jaobian Jρ is equal
to Ber(r(adx)∗). The theorem follows from formula (25).
Seond proof. We present this less natural proof for fun, and beause it is a simpliation of
the proof of theorem 4.6 below. Let a ∈ g. We reall the formula given in [18℄ for the derivation
β∗(−ζλa ) of F (g) obtained by transporting the derivation −ζ
λ
a of F (G). We have
(67) β∗(−ζλa ) = −ζp(adx)(a).
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Sine p(0) = 1, it is suient to show that for all a ∈ g we have
(68) L(ζp(adx)(a)) (Ber(r(ad x))d) = 0.
By (34) and (35) this is equivalent to
(69) ζp(adx)(a) (Ber(r(ad x))) + Ber (r(adx)) div(ζp(ad x)(a)) = 0.
By propositions 2.4 and 2.2, this redues to
(70) str
(
p(0)w′(ad x) ad a
)
− str
(
p(adx)− p(0)
adx
ad a
)
= 0.
This identity follows from the relation
(71) p(0)w′(t)−
p(t)− p(0)
t
= 0,
whih is miraulously true: sine p(0) = 1, we have
p(0)w′(t) =
e−t
1− e−t
−
1
t
=
1
et − 1
−
1
t
and
p(t)− p(0)
t
=
t
et−1 − 1
t
=
1
et − 1
−
1
t
.

3. Formal homogeneous spaes.
In this setion, we onsider a Lie superalgebra g and a Lie subalgebra h ⊂ g whih is a diret
fator: there exists and we hoose a K-submodule q ⊂ g suh that
(72) g = h⊕ q.
The following lemma is a straightforward onsequene of the fat that β is an isomorphism
of oalgebras.
Lemma 3.1. Let g = p ⊕ q be a deomposition into a diret sum of submodules. The map
S(p)⊗ S(q) ∋ w ⊗ w′ → β(w)β(w′) ∈ U(g) is an isomorphism of oalgebras.
Corollary 3.1. The map β¯ : S(q) ⊗ U(h) ∋ w ⊗ u → β(w)u ∈ U(g) is an isomorphism of
oalgebras.
3.1. Indued and oindued representations in exponential oordinates. For a ∈ g, we
reall that the left multipliation la is a oderivation of U(g). We denote by l¯a the orresponding
oderivation of S(q) ⊗ U(h). Reall the notation ∆S(g)(w) =
∑
wi ⊗ w
′
i for w ∈ S(q).
Proposition 3.1. Let a ∈ g. There exist αa ∈ F (q, q) and θa ∈ F (q, h) suh that, for w ∈ S(q)
and u ∈ U(h) we have
(73) l¯a(w ⊗ u) =
∑
±wiαa(w
′
i)⊗ u+
∑
±wi ⊗ j(θa(w
′
i))u.
Proof. We use the onvolution notation for the produt in F (q, S(q) ⊗ U(h)). Dene C ∈
F (q, S(q) ⊗ U(h)) by
(74) C(w) = l¯a(w ⊗ 1) for w ∈ S(q).
We have l¯a(w ⊗ u) = C(w)(1 ⊗ u), and formula (73) is equivalent to
(75) C = (idS(q)⊗ idU(h)) ∗ (αa ⊗ idU(h)+ idS(q)⊗j ◦ θa) = cαa ⊗ 1 +
(
idS(q)⊗j ◦ θa
)
◦∆S(q).
To prove (75), we argue as in [20, theorem 1℄. We dene γ ∈ F (q, S(q)⊗U(h)) by γ = (S⊗1)∗C,
where S ∈ F (q, S(q)) is the antipode of S(q). Sine S is the inverse of idS(q) for the onvolution
produt, we have C = (idS(q)⊗1) ∗ γ. Beause l¯a is a oderivation, γ takes its values in the
submodule of primitive elements of S(q) ⊗ U(h). Sine K is Q-algebra, this submodule is
q⊗ 1 + 1⊗ j(h). We write γ = αa ⊗ 1 + 1⊗ j ◦ θa with αa ∈ F (q, q) and θa ∈ F (q, h). 
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Remark 3.1. Manageable formulas for the maps αa ∈ F (q, q) and θa ∈ F (q, h) are not known
in general. In the ase h = {0}, a formula for αa is given in [18℄ (see (67) above). In the ase
of symmetri pairs, we give formulas for αa and θa in theorem 4.5.
Let (V, χ) be an h-module. We onsider the indued representation of g, that is the repre-
sentation by left multipliation in U(g)⊗h V . We dene
(76) β¯χ : S(q) ⊗ V → U(g)⊗h V
as in orollary 3.1. For a ∈ g, we denote by lχ,a the endomorphism of U(g)⊗hV indued by the
la, and by l¯χ,a the orresponding endomorphism of S(q)⊗V . It belongs to F (q, S(q)⊗End(V )),
and it follows from (75) that l¯χ,a is given by the formula
(77) l¯χ,a : S(q) ∋ w 7→ cαa(w)⊗ idV +
(
idS(q)⊗χ ◦ θa
)
◦∆S(q)(w)(1 ⊗ idV ).
The oindued representation is a representation in the spae
(78) F (G/H,V ) := Homh(U(g), V ),
that is the subspae of elements g ∈ F (G,V ) suh that − ± g(uj(a)) = a(g(u)) for a ∈ h and
u ∈ U(g). The ation of a ∈ g in F (G/H,V ) is the restrition of −ζλa ∈ End(F (G,V )), we
denote it by −ζχ,a.
It follows from orollary 3.1 that the map
(79) β¯∗χ : F (G/H,V ) ∋ φ→ φ ◦ β ∈ F (q, V )
is bijetive. We denote by −ζ¯χ,a := −β¯
∗
χ ◦ ζχ,a ◦ β¯
∗
χ
−1
the orresponding endomorphism of
F (q, V ). We denote by χ(θa) the endomorphism φ→ ±(χ◦θa⊗φ)◦∆S(q) of EndF (q)(F (q, V )).
It follows from (77) that
(80) − ζ¯χ,a = −ζαa + χ(θa).
3.2. The exponential map on a formal homogeneous spae. We reall (see formula 78)
that F (G/H) is the algebra dual to the oalgebra U(g)/U(g)h, i.e. the orthogonal of U(g)h in
F (G).
The restrition of δ to F (G/H) is still denoted by δ. It provides K with a struture of
F (G/H)-module. The augmented algebra F (G/H) is thought of as the algebra of funtions on
the formal homogeneous spae G/H, and δ is the evaluation at the point 1 ∈ G/H.
Note that U(g)/U(g)h and F (G/H) are the indued and oindued representations by the
trivial representation of h in K. We denote this representation by triv, and we use the notations
β˜ := β¯triv and β˜
∗ := β¯∗triv. In this ase,
(81) β˜ : S(q)→ U(g)/U(g)h and β˜∗ : F (G/H)→ F (q),
are respetively a oalgebra and an algebra isomorphisms. The map β˜ is the formal analogue
of the exponential map q→ G/H.
For a ∈ g, we still denote by la the left multipliation by j(a) in the quotient U(g)/U(g)h, i.e.
la = ltriv,a. We denote by ζa the transpose map in F (G/H). Thus ζa = ζtriv,a is the restrition
of ζλa to F (G/H) ⊂ F (G).
Consider the maps in (81). For a ∈ g, we denote l˜a := l¯triv,a and −ζ˜a := −ζ¯triv,a the
orresponding oderivation of S(q) and derivation of F (q). As a partiular ase of formulas
(77) and (80), we have
(82) l˜a = cαa and − ζ˜a = −ζαa
where αa ∈ F (q, q) is the vetor eld dened in proposition 3.1.
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3.3. Imprimitivity theorem. The following denition is similar to denition 1.2.
Denition 3.1. A g−F (G/H)-module V is a K-module provided with a struture of F (G/H)-
module and a struture of g module whih satisfy the Leibnitz relation
(83) a(φf) = −ζλa (φ)f ± φ(af), for a ∈ g, φ ∈ F (G/H), f ∈ V.
If V and W are g− F (G/H)-modules, so are V ⊗F (G/H) W and HomF (G/H)(V,W).
Indued and oindued modules by a representation of h in a K-module V are naturally
g − F (G/H)-modules. Indeed: as F (G/H,V ) ⊂ F (G,V ) is stable under multipliation by
F (G/H), then F (G/H,V ) is a g− F (G/H)-module. We still denote by δ the evaluation map
δ : F (G/H,V )→ V . We remark that we have natural isomorphisms of g− F (G/H)-modules
(84) U(g)/U(g)h ⊗F (G/H) F (G/H,V ) ≃ U(g)⊗h V,
and
(85) F (G/H,V )⊗F (G/H) F (G/H,W ) ≃ F (G/H,V ⊗W ).
The purpose of imprimitivity theorems is to haraterize indued and oindued modules among
the g − F (G/H)-modules. We state suh a theorem for oindued representations in the par-
tiular simple ase we need.
Let V be a g−F (G/H)-module. We onsider VV := V⊗F (G/H)K and the orresponding map
δ¯ := idV ⊗F (G/H)δ : V → VV . The following straightforward lemma provides VV with a natural
h-module struture.
Lemma 3.2. The kernel of δ¯ in V is stable under the ation of h.
Suppose also that V is a free K-module of nite rank (p, q). It follows that F (G/H,V ) is a
free F (G/H)-module of nite rank (p, q). Moreover, the map δ : F (G/H,V ) → V indues an
isomorphism of h-modules VF (G/H,V ) → V , that is we have δ¯ = δ. In partiular,
F (G/H,V ) ≃ F (G/H,VF (G/H,V )).
We need a onverse to this property, the imprimitivity theorem, due to Blattner [4℄ (see also
[23℄) in a slightly dierent setting.
Assume that V is free of nite rank as an F (G/H)-module. The K-module VV is free of the
same rank. Dene a map
(86) δ˜ : V → F (G/H,VV ) by δ˜(v)(u) = ±δ¯(uv).
The fats that δ˜ is well dened, and that it ommutes with the ations of g and F (G/H) are
easy.
Proposition 3.2. Let V be a g− F (G/H)-module whih is free of nite rank as an F (G/H)-
module. Then δ˜ is an isomorphism. In partiular
V ≃ F (G/H,VV ).
Proof. Let (φi) be a basis of V, and vi := δ¯(φi) ∈ VV . Then (vi) is a basis of VV . We have
δ(δ˜(φi)) = vi. It follows from lemma 1.2 that (δ˜(φi)) is a basis of F (G/H,VV ). 
3.4. Dualizing modules on formal homogeneous spaes. In this setion, we assume that
the K-module q = g/h is free of nite rank (p, q).
By (81), the algebra F (G/H) is formally smooth of dimension (p, q) and the dualizing module
K(F (G/H)) is dened. By denition, it is free of rank 1 as an F (G/H)-module. For a ∈ g,
−ζλa is a derivation of F (G/H). It ats in K(F (G/H)), so K(F (G/H)) is in a natural way a
g− F (G/H)-module (reall denition 3.1). The evaluation
(87) δ¯ : K(F (G/H))→ K(F (G/H)) ⊗F (G/H) K
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is a morphism of h-modules. It follows that the K-isomorphism K(F (G/H)) ⊗F (G/H) K ≃
Ber((g/h)∗) given in (32) is an isomorphism of h-modules. It follows from proposition 3.2 that
the map δ˜ dened in (86) is an isomorphism
(88) δ˜ : K(F (G/H))→ F (G/H,Ber((g/h)∗)).
of g− F (G/H)-modules.
For a ∈ h, ad a indues an endomorphism of g/h. We denote by strg/h(ad a) its supertrae.
The ation of a in Ber g/h is the multipliation by strg/h(ad a), and the ation of a in Ber((g/h)
∗)
is the multipliation by − strg/h(ad a).
Proposition 3.3. The dualizing module K(F (G/H)) has a g-invariant basis as an F (G/H)-
module if and only if the unimodularity ondition (10) holds. In this ase, the K-submodule
of g-invariant elements of K(F (G/H)) is free of rank one, and a basis of the K-module of
g-invariant is a basis of the F (G/H)-module K(F (G/H)).
Proof. Let D be an invariant basis of K(F (G/H)). The element δ¯(D) is a basis of Ber(g/h)∗
invariant by h. So (10) holds.
Conversely, suppose that (10) holds. Then K(F (G/H)) is isomorphi to F (G/H) see (88),
and the onstant funtion 1 ∈ F (G/H) is an invariant basis of F (G/H). 
Remark 3.2. Similarly, the g − F (G/H)-module T (F (G/H)) of derivations of F (G/H) is
isomorphi to F (G/H, g/h) and the module Ω1ev(F (G/H)) to F (G/H, (g/h)
∗). However, even
under assumption (10), there is usually no basis of F (G/H, g/h) onsisting of g-invariant ele-
ments. So the simple proof of proposition 3.3, given in proposition 2.6 for the speial ase h = 0,
does not generalize.
To get invariant elements without unimodularity hypotheses, we onsider twisted dualizing
modules. Let V be an h-module. We dene
(89) K(F (G/H), V ) := K(F (G/H)) ⊗F (G/H) F (G/H,V ),
and we all it the dualizing module twisted by V . As in (88), there is a anonial isomorphism
of (reall (85) and (88)) g− F (G/H)-modules
(90) K(F (G/H), V ) ≃ F (G/H,Ber((g/h)∗)⊗K V ).
We apply this onstrution to the h-module Ber g/h. Using the isomorphism (26), we obtain a
anonial isomorphism of g− F (G/H)-modules
(91) K(F (G/H),Ber g/h) ≃ F (G/H).
We denote by DG/H the element of K(F (G/H),Ber g/h) whih orresponds to 1 ∈ F (G/H)
by this isomorphism.
Proposition 3.4. i) The element DG/H ∈ K(F (G/H),Ber g/h) is g-invariant and δ¯(DG/H) ∈
Ber(g/h)∗ ⊗K Ber g/h is equal to the anonial element d dened in (27).
ii) The K-module of g-invariant elements of K(F (G/H),Ber g/h) is free of rank one with
basis DG/H .
iii) DG/H is a basis of the F (G/H)-module K(F (G/H),Ber g/h).
3.5. The Jaobian of the exponential map on a formal homogeneous spae. We keep
the assumptions of subsetion 3.4. The isomorphism β˜∗ : F (G/H) → F (q) of augmented
algebras see (81) indues like in (37) a K-isomorphism β˜∗ : K(F (G/H))→ K(F (q)). Sine
the natural ation of a ∈ g in F (G/H) is given by the derivation −ζa (see subsetion 3.2), the
natural ation in K(G/H) is given by −L(ζa). By (82) and (39), the natural ation of a in
K(F (q)) obtained by transporting −L(ζa) by β˜
∗
is equal to −L(ζαa).
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We reall that χ is a representation of h in V . We dene
(92) K(F (q), V ) := K(F (q)) ⊗F (q) F (q, V ).
Beause of (38), the natural map β˜∗ ⊗ β¯∗χ : K(F (G/H))⊗K F (G/H,V )→ K(F (q), V ) indues
an isomorphism β¯∗χ : K(F (G/H), V ) → K(F (q), V ). Reall that the ation of a in F (q, V ) is
denoted by −ζ¯χ,a. It follows that the ation of a in K(F (q), V ) is given by −L(ζαa)⊗1−1⊗ ζ¯χ,a.
From (80) we get the following formula for the ation of a ∈ g in K(F (q), V ):
(93) a(d⊗φ) = −L(ζαa)(d)⊗φ±(−d⊗ ζαa(φ) + d⊗ χ(θα)(φ)) for d ∈ K(F (q)), φ ∈ F (q, V ).
We hoose a basis dq of K(F (q)) whih is invariant by translations (see lemma 1.5). An
element of K(F (q), V ) an be written in an unique manner as dqφ, with φ ∈ F (q, V ) we leave
out the symbol ⊗. Formula (93) speializes (see (35) and (36)) to
(94) a(dqφ) = ±dq (− div(ζαa)φ− ζαa(φ) + χ(θa)(φ)) for a ∈ g, φ ∈ F (q, V ).
We apply these onsiderations to the h-module V = Ber g/h. We reall (see subsetion 3.4)
that the ation of h is the multipliation by the linear form χ = strg/h. We denote by
(95) dq ∈ K(F (q),Ber g/h)
the anonial element, that is, realling the denition (27) the element suh that δ(dq) = d ∈
Ber(g/h)∗ ⊗ Ber g/h.
An element of K(F (q),Ber g/h) an be written in a unique manner as φdq, with φ ∈ F (q).
From equation (94) we get
(96) a(φdq) =
(
− div(ζαa)φ− ζαa(φ) + strg/h ◦θa φ
)
dq for a ∈ g, φ ∈ F (q).
We dened DG/H ∈ K(F (G/H),Ber g/h) in proposition 3.4. There exists a funtion J ∈
F (q) suh that
(97) β¯∗strg/h (DG/H) = Jdq.
We all J the Jaobian of the exponential map q → G/H. A natural problem is to ompute
J . We already did it in theorem 2.1 when h = 0. In setion 4.3 we ompute J in the ase of
symmetri pairs. We shall use the following haraterization of J , whih follows immediately
from (96).
Lemma 3.3. The funtion J ∈ F (q) is the unique element of F (q)0 whih satises δ(J) = 1
and suh that, for all a ∈ g,
(98)
ζαa(J)
J
+ div(ζαa)− strg/h ◦θa = 0.
Remark 3.3. By proposition 3.3, if the unimodularity ondition (10) holds, there exists a g-
invariant basis DG/H of K(F (G/H)). If we ask also for the equality δ¯(DG/H) = δ¯(dq) in
Ber(q∗), it is unique, and we obtain, with the same funtion J than in (97),
(99) β˜∗(DG/H) = Jdq.
3.6. Homogeneous spaes of purely odd dimension. We keep the notations of subsetion
3.4, and in addition we assume that dim g/h = (0, q). We apply the results of subsetion 1.6 to
the algebra F (G/H).
Sine it is free of nite rank, we have F (G/H)∗ = F (G/H)
∗ = U(g)/U(g)h, and Berezin in-
tegral provides a anonial isomorphism ψF (G/H) : K(F (G/H))→ U(g)/U(g)h of g−F (G/H)-
modules (see subsetion 1.6). Let V be an h-module. Tensoring with F (G/H,V ), we obtain a
anonial isomorphism K(F (G/H), V ) → U(g)/U(g)h ⊗F (G/H) F (G/H,V ). Composing with
the isomorphism (84), we obtain a anonial isomorphism of g− F (G/H)-modules
(100) κχ : K(F (G/H), V ) ≃ U(g)⊗h V,
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and, using (90), a anonial isomorphism of g− F (G/H)-modules
(101) F (G/H,Ber(g/h)∗ ⊗ V ) ≃ U(g)⊗h V.
Remark 3.4. The isomorphism (101) between an indued and a oindued representation of
g is well known, see [2, 57℄. It is used in Gorelik's paper [9℄. The properties we need in this
artile, that is the relation with dualizing modules and the fat that it is an isomorphism of
F (G/H)-modules, are expliit in [57℄.
In partiular, using the anonial isomorphism (26), the g−F (G/H)-module U(g)⊗hBer g/h
is anonially isomorphi to F (G/H). We denote by T ∈ U(g) ⊗h Ber g/h the element orre-
sponding to 1 ∈ F (G/H). Remember (see proposition 3.4) the denition of the anonial
element DG/H ∈ K(F (G/H),Ber g/h). We have
(102) κstrg/h (DG/H) = T.
We have proved the following proposition, analogous to proposition 3.4.
Proposition 3.5. a) The K-module of g-invariants of U(g) ⊗h Ber g/h is free of rank 1 with
basis T. Moreover, T is a basis of the F (G/H)-module U(g)⊗hBer g/h, and the map F (G/H) ∋
φ→ Tφ ∈ U(g)⊗hBer g/h is an isomorphism of g− F (G/H)-modules.
b) Assume ondition (10). Then the K-module of g-invariants of U(g)/U(g)h is free of rank 1.
A basis T of this module is also a basis of the F (G/H)-module U(g)/U(g)h. The map φ→ Tφ
from F (G/H) to U(g)/U(g)h is an isomorphism of g− F (G/H)-modules.
Similarly, we have the isomorphism of T (F (q))−F (q)-modules ψF (q) : K(F (q))→ S(q), and
lemma 1.7 gives
(103) ψF (G/H) = β˜ ◦ ψF (q) ◦ β˜
∗.
Tensoring with F (q, V ), we obtain a anonial isomorphism
(104) κ¯χ : K(F (q), V )→ S(q)⊗F (q) F (q, V ) ≃ S(q)⊗ V.
Formula (103) extends to
(105) κχ = β¯χ ◦ κ¯χ ◦ β¯
∗
χ.
We identify q∗ and (g/h)∗. Sine the rank of g/h is (0, q), we have Ber g/h = Sq(q∗). There
is a anonial element t ∈ S(q)⊗Ber g/h: in term of a totally ordered basis (ei)1≤1≤q of q and
of its dual basis (xi)1≤i≤q of q
∗
, we have
(106) t = (−1)q e1 · · · eq ⊗ x
q · · · x1.
Reall the denition (95) of dq ∈ K(F (q),Ber g/h). The analogue of (102) is the formula
(107) κ¯strg/h (dq) = t.
Reall the Jaobian J ∈ F (q) of the exponential map q→ G/H (formula (97)). The following
theorem explains the role of this Jaobian in the study of Gorelik's elements.
Theorem 3.1. a) We have β¯str(Jt) = T.
b) Suppose that ondition (10) holds. Then β˜(J e1 · · · eq) ∈ U(g)/U(g)h is a basis of the K-
module of g-invariants of U(g)/U(g)h, and a basis of U(g)/U(g)h as a F (G/H)-module.
Proof. a) From (102) and (97) we get
β¯∗strg/h (κ
−1
strg/h
(T)) = Jdq.
Using the fat that κ¯strg/h is a F (q)-module isomorphism, we obtain
κ¯strg/h (β¯
∗
strg/h
(κ−1strg/h (T))) = Jκ¯strg/h (dq).
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We get our formula using (107) and (105).
b) Follows from part a) and proposition 3.5. 
4. Symmetri pairs.
In this setion, we onsider a Lie symmetri pair (g, σ) with orresponding deomposition
g = h⊕ q.
4.1. Representations by oderivations. Let a ∈ g. Reall the oderivation l˜a = cαa of S(q)
(formula (82)). In this subsetion, we give a formula for the vetor eld αa ∈ F (q, q). In fat,
we do more. Following the method of [18℄, we desribe all the representations by oderivations
of g in S(q) whih are universal. Informally, this means that they are given by formulas whih
are the same for all symmetri pairs (g, σ). Formally, it an be express in funtorial terms (see
[18℄). Reasoning as in [18℄, these representations are of a very speial form, and we are led to
the following onsiderations.
We denote by y := xq ∈ F (q, q) the generi point of q. We onsider y as the element of
the Lie F (q)-superalgebra F (q, g) whih is 0 on Sn(q) for n 6= 1, and whih is the natural
injetion q → g on q. The deomposition F (q, g) = F (q, h) ⊕ F (q, q) is a symmetri pair in
the ategory of Lie F (q)-superalgebras. For a formal power series p(t) ∈ K0[[t]] the element
p(ad y) ∈ EndF (q)(F (q, g)) is dened by loally nite sums like in (17). In partiular, for a ∈ g,
the element p(ad y)(a) ∈ F (q, g) is dened by the following formula, similar to (49). Let b1, b2,
. . . , bn in q. We have
(108) p(ad y)(a) : b1 · · · bn 7→ pn
∑
s∈Sn
± ad bs(1) · · · ad bs(n)(a).
We onsider two series d(t), p(t) ∈ K0[[t]] suh that p(t) = p(−t) and d(t) = −d(−t). We
write p(t) = p0 + p2t
2 + · · · ∈ K0[[t
2]] and d(t) = d1t + d3t
3 + · · · ∈ tK0[[t
2]]. Formula (108)
implies that for a ∈ q we have p(ad y)(a) ∈ F (q, q), and for a ∈ h we have d(ad y)(a) ∈ F (q, q).
In partiular, the following denition is meaningful.
Denition 4.1. For a ∈ q, we denote by Ca (or Cap,d,g,σ if we need to speify) the oderivation
cp(ad y)(a) of F (q). For a ∈ h, we denote by C
a
the oderivation cd(ad y)(a) of F (q). For a ∈ g,
we dene Ca by additivity.
The braket [Ca, Cb] has been omputed in [18℄. Reasoning as in [18℄, we obtain the following
theorem.
Theorem 4.1. The map a → Cap,d,g,σ is a representation of g in S(q) for any symmetri pair
(g, σ) if and only if the following funtional equations hold in K[[t, u]]:
d(u)
d(t + u)− d(t)
u
+ d(t)
d(t+ u)− d(u)
t
= −d(t+ u),(109)
p(u)
p(t+ u)− p(t)
u
+ p(t)
p(t+ u)− p(u)
t
= −d(t+ u),(110)
p(u)
d(t+ u)− d(t)
u
+ d(t)
p(t+ u)− p(u)
t
= −p(t+ u).(111)
Even if we know it in advane, it is remarkable that these funtional equations have non
trivial solutions.
Lemma 4.1. Let (p, d) be a solution of the equations of theorem 4.1.
If d = 0 or p = 0, then (p, d) = (0, 0).
Assume d 6= 0. If the rst non zero oeient of d is not a divisor of 0 in K0, then d = −t
and p0 6= 0.
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Proof. The rst assertion follows from formulas (111) and (110).
Formula (109) evaluated at u = 0 gives d(t)
(
d(t)
t + 1
)
= 0. If the rst non zero oeient
of d is not a divisor of 0 in K0, the multipliation by d is injetive, and we get
d(t)
t + 1 = 0.
We now assume that d = −t. Equations (109) and (111) are satised, and we are left with
the funtional equation
(112) p(u)
p(t+ u)− p(t)
u
+ p(t)
p(t+ u)− p(u)
t
= t+ u.
Evaluating at u = 0 we obtain
(113) p0p
′(t) + p(t)
p(t)− p0
t
= t.
Suppose p0 = 0. This gives p(t)
2 = t2. Sine p(t) ∈ t2K[[t2]], this is impossible. 
Lemma 4.1 implies that all the non zero solutions of the funtional equations of theorem 4.1
with oeient in a eld k ⊂ K0 are given by theorem 4.2 below. We reall that the Bernoulli
numbers bn ∈ Q are dened by the generating series
t
et−1 =
∑∞
n=0 bn
tn
n! . For c ∈ K
×
0
, we dene
pc(t) ∈ K0[[t
2]] by
(114) pc(t) = t coth
(
t
c
)
= c+
∞∑
n=1
b2n
22nt2n
c2n−1(2n)!
= c+
1
3c
t2 −
1
45c3
t4 + · · · .
Theorem 4.2. Let c ∈ K×
0
. There exists an unique element p(t) ∈ K0[[t
2]] suh that p(0) = c
and suh that the pair (p(t),−t) is a solution of the funtional equations of theorem 4.1. We
have p(t) = pc(t).
Proof. We repeat the arguments of [18℄. The pair (p(t),−t) is a solution if and only if the pair
(p( tc)c,−t) is a solution. So we assume that p0 = 1. In this ase, aording to formula (113), p
will be a solution of the (singular) Cauhy problem
(115) tp′(t) + p(t)(p(t)− 1) = t2 and p(0) = 1.
Writing (we forget for a moment that p is supposed to be even) p(t) = 1 + p1t+ p2t
2 + . . . , we
get indutively p1 = 0, p2 =
1
3 , and pn in funtion of the pk with k < n. This proves that there
is at most one solution of (115).
We leave to the reader to hek that the funtion t coth(t) is indeed a solution of the dier-
ential equation (115), and  this is muh stronger of the funtional equation (112). 
Remark 4.1. As in [18℄, theorem 4.1 is meaningful and true without assuming that K0 ontains
Q, but only assuming that 2 is invertible in K. However, the funtional equations have no
solutions if K0 does not ontains Q.
Let c ∈ K×
0
. We denote by a → αac the linear map from g to the spae of F (q, q) of vetor
elds on q suh that
(116) αac = [a, y] for a ∈ h, and α
a
c = pc(ad y)(a) for a ∈ q.
We denote by
(117) Cac := cαac
the orresponding oderivation of S(q). It follows from theorem 4.1 and theorem 4.2 that
Cc : a→ C
a
c is a representation of g in S(q).
Remark 4.2. We denote by Ic the automorphism of the Hopf algebra S(q) whih is the multi-
pliation by cn in Sn(q). It intertwines the representations C1 and Cc in S(q). Thus, if K is
a eld of harateristi 0, there are, up to equivalene, exatly two universal representations by
oderivations of g in S(q): the trivial one and C1.
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Remark 4.3. In term of representations, the equality d = −t means the following. Let a ∈ h.
Then Cac (whih does not depend on c) is a derivation of S(q) (of ourse, by denition, it is
also a oderivation). It is determined by the fat that
(118) Cac (b) = [a, b] for b ∈ q.
Thus, Cac is the natural adjoint ation in of a ∈ h in S(q).
For a ∈ q and w ∈ Sn(q), formula (114) gives an expliit expression for Cac (w) ∈ S(q) in
terms of the Bernoulli numbers and of the oprodut of w. We give a few terms. For b, b1, b2 ∈ q,
we have
(119) Cac (1) = c a, C
a
c (b) = c ab, C
a
c (b1b2) = c ab1b2 +
1
3c
(
[[a, b1], b2]± [[a, b2], b1]
)
;
and for n > 2 and b1, . . . , bn ∈ q, we have
(120) Cac (b1 · · · bn) = c ab1 · · · bn+
1
3c
∑
1≤i<j≤n
(
±[[a, bi], bj ]±[[a, bj ], bi]
)
b1 · · · bˆi · · · bˆj · · · bn+. . .
where the hat symbol means omission, and the non written terms are of degree < n− 2.
4.1.1. Formulas for and l˜a and αa. The map a→ C
a
c extends to an homomorphism of algebras
u → Cuc from U(g) to End(S(q)). For u ∈ U(g) we write τ˜(u) = C
u
1 (1). This denes a map
τ˜ : U(g)→ S(q) whih intertwines the left ation of g in U(g) and the representation C1. Sine
Ca1 (1) = 0 for a ∈ h, this gives an intertwining map
(121) τ : U(g)/U(g)h → S(q).
The map τ an be expliitly written in terms of Bernoulli numbers. For example, for b, b1, b2, b3
in q we have
(122) τ(1) = 1, τ(j(b)) = b, τ(j(b1)j(b2)) = b1b2,
(123) τ(j(b1)j(b2)j(b3)) = b1b2b3 +
1
3
(
[[b1, b2], b3]± [[b1, b3], b2]
)
.
For the following theorem, reall the notations αa and l˜a of proposition 3.1 and the notation
αa1 of (116).
Theorem 4.3. i) The map τ is the inverse of the map β˜ : S(q)→ U(g)/U(g)h.
ii) For a ∈ g, we have l˜a = C
a
1
iii) For a ∈ g, we have αa = α
a
1.
Proof. The proof of part i) is similar to the proof of Poinaré-Birkho-Witt theorem in [18℄.
Here is a brief sketh. Let b ∈ q0 and n ∈ N. By indution on n, we obtain that τ(j(b)
n) = bn.
Applying this to the generi point y of q in the Lie superalgebra F (q, g) proves part a). Part
ii) follows from part i), and part iii) is a rephrasing of ii). 
Remark 4.4. When g = g0 ⊕ g1 is a Lie superalgebra over a eld of harateristi zero, and
h = g0, the formula l˜a = C
a
1 is due to Koszul [13℄. Presumably, his proof extends to the general
ase treated in theorem 4.3. However, we think that our method of proof is interesting: it says
that the properties of Bernoulli numbers whih make the theorem true are enoded by the fat
that t coth(t) satises the funtional equation (112).
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4.2. Indued and oindued representations. We keep the notations of subsetion 4.1. We
onsider in addition a representation χ : h→ End(V ) of h in a K-module V .
Let a ∈ g. We give an expliit formula for l¯χ,a dened in (77). We follow a method similar
to the one of subsetion 4.1, where we onsider the ase of the trivial representation of h in K.
Let (h, q) be a pair of formal series h = h0+h2t
2+ · · · ∈ K0[[t
2]] and q(t) = q1t+ q3t
3+ · · · ∈
tK0[[t
2]]. We dene a linear map g ∋ a→ θa ∈ F (q, h) by the formulas
(124) θa = h(ad y)(a) for a ∈ h, and θa = q(ad y)(a) for a ∈ q.
Let c ∈ K×
0
, and reall the representation Cc of g in S(q) (see (117)). Following the model
(77), we dene an endomorphism Θaχ ∈ End(S(q)⊗ V ) (or Θ
a
c,χ,h,q,g,σ if we need to speify) by
the following formula:
(125) Θaχ(w ⊗ v) = C
a
c (w)⊗ v + (idS(q)⊗χ ◦ θ
a) ◦∆S(q)(w)(1 ⊗ v).
For example, for a ∈ h, we have:
(126) Θaχ(1⊗ v) = 1⊗ χ(h0a)(v).
We denote by Θχ the map a→ Θ
a
χ, and we study when it is a representation.
Lemma 4.2. i) The map Θχ is a representation of g if and only if
χ ◦ (θa ◦ Cbc −±θ
b ◦ Cac + [θ
a, θb]− θ[a,b]) = 0 ∀a, b ∈ g.
ii) The map Θχ is a representation of g for all representations χ of h if and only if
θa ◦ Cbc −±θ
b ◦ Cac + [θ
a, θb]− θ[a,b] = 0 ∀a, b ∈ g.
Proof. We write Θ = Θχ, C = Cc, and ∆ = ∆S(q) for simpliity.
i) Let w ⊗ v ∈ S(q) ⊗ V and a, b ∈ g. As Ca is a oderivation we get
Θa ◦Θb(w ⊗ v) =
= Ca ◦ Cb(w)⊗ v +
(
Ca ⊗ χ ◦ θb ± Cb ⊗ χ ◦ θa
)
◦∆(w)(v) +
+(id⊗χ ◦ θa ◦ Cb) ◦∆(w)(v) + (id⊗χ ◦ θa ⊗ χ ◦ θb) ◦ (∆ ⊗ id) ◦∆(w)(v).
Sine χ is a representation we have
(
χ ◦ θa ⊗ χ ◦ θb −±χ ◦ θb ⊗ χ ◦ θa
)
◦∆ = χ ◦ [θa, θb]. Sine
∆ is assoiative and C a representation we have
[Θa,Θb](w ⊗ v) =
= C [a,b](w)⊗ v +
(
id⊗χ ◦ (θa ◦ Cb −±θb ◦ Ca)
)
◦∆(w)(v) +
+
(
id⊗χ ◦ [θa, θb]
)
◦∆(w)(v).
This formula shows that Θ is a representation if and only if
(127)
(
id⊗χ ◦
(
θa ◦ Cb −±θb ◦ Ca + [θa, θb]− θ[a,b]
))
◦∆ = 0 ∀a, b ∈ g.
To show that the diret part assertion of the lemma is a neessary ondition, it is enough to
ompose δ ⊗ idU(g) with the left hand side of (127).
ii) To show the diret part is suient to onsider a faithful representation χ of h, for instane
the left regular representation in U(h). 
Theorem 4.4. The map Θc,χ,h,q,g,σ is a representation for any symmetri pair (g, σ) and any
representation χ of h, if and only if the funtional equations
(128) − h(t+ u) + h(t) + h(u)− h(t)h(u) = 0,
(129)
q(t+ u)− q(t)
u
pc(u) +
q(t+ u)− q(u)
t
pc(t)− q(t)q(u) + h(t+ u) = 0,
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(130) q(t) +
h(t+ u)− h(u)
t
pc(t)− q(t)h(u) = 0,
are satised in K0[[t, u]].
Proof. Let a and b in g. For X ∈ g0, i, j ∈ N, we set
(tiuj : [a, b])X = [(adX)
ia, (adX)jb].
We use the same notation for the Lie algebra F (q, g). Thus, for a and b in g, and the generi
point y ∈ F (q, g) we get an element (tiuj : [a, b])y ∈ F (q, g). Let k(t, u) =
∑
kijt
iuj ∈ K0[[t, u]].
We dene
(k(t, u) : [a, b])y :=
∑
kij(t
iuj : [a, b])y ∈ F (q, g).
This is possible beause this sum is loally nite.
Let us denote hb(t) = h(t) if b ∈ h, hb(t) = q(t) if b ∈ q, pbc(t) = pc(t) if b ∈ q, and p
b
c(t) = −t
if b ∈ h. We have (see [18℄)
θa ◦ Cbc =
(
−
ha(t+ u)− ha(t)
u
pbc(u) : [a, b]
)
y
=
(
ha(t+ u)− ha(u)
t
pbc(t) : [b, a]
)
y[
θa, θb
]
= (ha(t)hb(u) : [a, b])y
θ[a,b] = (h[a,b](t+ u) : [a, b])y .
Lemma 4.2 shows that Θχ is a representation of g for all representations χ of h if and only if
(h(t)− h(t+ u) + h(u)− h(t)h(u) : [a, b])y = 0 ∀a, b ∈ h,(q(t+ u)− q(t)
u
pc(u) +
q(t+ u)− q(u)
t
pc(t) +
−q(t)q(u) + h(t+ u) : [a, b]
)
y
= 0 ∀a, b ∈ q,(
h(t+ u)− h(t)
u
pc(u) + q(u)− h(t)q(u) : [a, b]
)
y
= 0 ∀a ∈ h, b ∈ q,
(
q(t) +
h(t+ u)− h(u)
t
pc(t)− q(t)h(u) : [a, b]
)
y
= 0 ∀a ∈ q, b ∈ h.
The last two equations are idential. As in [18℄ we see that these equations are veried for any
Lie symmetri pair (g, σ) if and only if the funtional equations in the statement of the theorem
are satised. 
We study the funtional equations of Theorem 4.4.
Lemma 4.3. i) Equation (128) has an unique solution h(t) ∈ K0[[t
2]] suh that h(0) = 0. It is
h = 0.
ii) Equation (128) has an unique solution h(t) ∈ K0[[t
2]] suh that h(0) is invertible. It is
h = 1.
Proof. i) If h(0) = 0 we an divide the equation (128) by t getting −h(t+u)+h(u)t =
h(t)
t (h(u)−1).
The evaluation at t = 0 gives −h′(u) = h′(0)(h(u)− 1). As h(u) = h(−u) we have h′(0) = 0, so
h′(u) = 0 and h(u) is onstant. This proves i).
ii) Evaluating at t = 0 we get 0 = h(0)(h(u)− 1). If h(0) is invertible, the unique solution is
h(u) = 1. 
Remark 4.5. If h = 0, equation (130) gives q = 0. In this ase, Θχ does not depend on χ. It
is the tensor produt of the representation Cc in S(q) with the trivial representation of g in the
module V .
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We now onsider the more interesting ase h = 1. Equations (128) and (130) are satised,
and equation (129) beomes
(131)
q(t+ u)− q(t)
u
pc(u) +
q(t+ u)− q(u)
t
pc(t) = q(t)q(u)− 1.
We introdue
(132) qc(t) = − th
(
t
2c
)
= −2
∞∑
n=1
b2n
(22n − 1)t2n−1
c2n−1(2n)!
= −
1
2c
t+
1
24c3
t3 + · · · .
Remark 4.6. The Taylor series of th(t) is of ourse well known. However, sine it plays a role
in the proof of theorem 4.6 below, we remark that (132) follows from (114) and the relation
(133) qc(2t) =
pc(t)− pc(2t)
t
,
whih is equivalent to the identity th(t) + coth(t)− 2 coth(2t) = 0.
Proposition 4.1. The funtion qc is the unique solution q ∈ tK0[[t]] of the funtional equation
(131).
Proof. Sine q(0) = 0, the evaluation at u = 0 of (131) gives
q′(t)c +
q(t)
t
pc(t) ≡ q
′(t)c+ q(t) coth(
t
c
) = −1.
This dierential equation has exatly one solution suh that q(0) = 0, beause the equation
reursively determines all the oeients of q. For instane, for the rst one we obtain q1c+q1c =
−1 and q1 = −
1
2c , whih is ompatible with (132). This solution is of ourse qc, and one heks
that qc also satisfy the funtional equation (131). 
We summarize the main result of this setion. Let c ∈ K×
0
. We denote by g ∋ a → θac ∈
F (q, h) the linear map suh that
(134) θac = a for a ∈ h, and θ
a
c = qc(ad y)(a) for a ∈ q.
We use the notation Θc,χ = Θc,χ,1,qc,g,σ (see formula (125)). For a ∈ h, Θ
a
c,χ does not depend
on c. It is the natural endomorphism of S(q) ⊗ V oming from the adjoint ation of a in S(q)
and from the ation χ(a) in V . For a ∈ q, we have
(135) Θac,χ = C
a
c ⊗ idV +
(
idS(q)⊗χ ◦ θ
a
c
)
◦∆S(q).
Corollary 4.1. i) Θc,χ is a representation of g in S(q)⊗ V .
ii) Ic ⊗ idV intertwines Θ1,χ and Θc,χ.
We use the notations of the beginning of this setion. The following theorem ontains theorem
4.3 as a partiular ase. We reall the notations αa, α
a
1, θa, θ
a
1 from proposition 3.1 and formulas
(116), (134).
Theorem 4.5. i) For a ∈ g, we have l¯χ,a = Θ
a
1,χ.
ii) For a ∈ g, we have αa = α
a
1 and θa = θ
a
1.
Proof. i) We extend Θ1,χ to a map from U(g) to End(S(q) ⊗ V ). Sine h = 1 it indues the
well dened map map τ : U(g)⊗h V ∋ u⊗ v → Θ
u
1,χ(1 ⊗ v) ∈ S(q) ⊗ V (reall formula (126)).
By denitions, τ intertwines the left multipliation in U(g) ⊗h V and the representation Θ1,χ
in S(q) ⊗ V . As in the proof of theorem 4.3, we see that τ ◦ (β ⊗ idV ) is the identity map of
S(q)⊗ V .
ii) It is a rephrasing of i). 
Remark 4.7. When g = g0 ⊕ g1 is a Lie superalgebra over a eld of harateristi zero, and
h = g0, the formula l¯χ,a = Θ
a
1,χ is due to Koszul [13℄. For real analyti symmetri spae, the
funtion th( t2) ours in [22℄.
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We get a similar result for the oindued representation F (G/H,V ), and the orresponding
representation in F (q, V ). Indeed: from (80) and theorem 4.5 we obtain the following orollary.
Corollary 4.2. For a ∈ g, we have
(136) − ζ¯χ,a = −ζαa1 + χ(θ
a
1).
4.3. The Jaobian of the exponential map for a symmetri pair. In this subsetion,
we assume that q is free of nite rank and we ompute the Jaobian of the exponential map
q→ G/H, as dened by formula (97).
Let (ei)1≤i≤n be a basis of q, and (x
i)1≤i≤n be the dual basis of q
∗
. Then F (q) = K[[x1, . . . , xn]].
The generi point y of q is equal to y =
∑
eix
i ∈ F (q, q) = q ⊗ F (q). Sine F (q, g) =
F (q, h) ⊕ F (q, q), we onsider y as an element of the Lie F (q)-superalgebra F (q, g).
If k ∈ 2N, adk(y) stabilizes q ⊗ F (q) and we denote by strq(ad
k(y)) ∈ F (q)0 its supertrae,
whih is an homogeneous polynomial of degree k in the xi. More generally, for w(t) = w0 +
w2t
2 + · · · ∈ K0[[t
2]], strq(w(ad y)) is dened and we have the Taylor expansion
(137) strq(w(ad y)) =
∑
k≥0
wk strq(ad
k(y)) ∈ F (q)0.
Similarly, for r(t) = 1 + r2t
2 + · · · ∈ K0[[t
2]], r(ad y) indues an even invertible F (q)-linear
transformation of q⊗ F (q). We denote by Berq(r(ad y)) its Berezinian.
For c ∈ K∗
0
we dene
(138) Jc := Berq
(
sh(ad yc )
ad yc
)
∈ F (q)0,
and
(139) wc(t) = log
(
sh( tc)
t
c
)
∈ t2K0[[t
2]].
Beause of formula (114) and
(140) w′c(t) =
1
c t
(
t coth
(
t
c
)
− c
)
=
1
pc(0)
pc(t)− pc(0)
t
,
we have
(141) wc(t) =
∞∑
n=1
b2n
22nt2n
c2n2n(2n)!
=
1
6c2
t2 −
1
180c4
t4 + · · ·
Beause of (30) we obtain
(142) Jc = exp (strq(wc(ad y))) .
We write the beginning of the resulting Taylor expansion of Jc:
(143) Jc = 1 +
1
6c2
strq(ad
2(y))−
1
180c4
strq(ad
4(y)) +
1
72c4
str2q(ad
2(y)) + · · ·
We start with some omputations on supertraes needed in the proof of theorem 4.6. For
a ∈ q and i, j ∈ N suh that i+ j ∈ 2N+1, the element adi(y) ad a adj(y) of EndF (q)(g⊗F (q))
stabilizes q⊗ F (q). Let t and u be even formal variables. We use the notation
(144) S(tiuj : a) = strq
(
adi(y) ad a adj(y)
)
.
Let k(t, u) =
∑
i,j≥0 kijt
iuj ∈ K[[t, u]] be suh that kij = 0 if i+ j ∈ 2N. We dene the loally
nite sum
(145) S(k(t, u) : a) =
∑
i,j≥0
kijS(t
iuj : a) ∈ F (q).
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For example, for q(t) ∈ tK0[[t
2]] we have q(ad y)(a) ∈ F (q, h), and ad(q(ad y)(a)) stabilizes
q⊗ F (q). We have
(146) strq(ad(q(ad y)(a))) = S(q(t− u) : a).
Lemma 4.4. S((t2 − u2)k(t, u) : a) = 0.
Proof. It is suient to prove it for a monomial k = tiuj . Let Y and X be the restritions
of ad2(y) and adi(y) ad a adj(y) to q ⊗ F (q). Sine Y is even, we have strq(Y X) = strq(XY )
whih proves the lemma. 
Let g(t) = g0 + g2t
2 + · · · ∈ K0[[t
2]]. We onsider the vetor eld g(ad y)(a) on q.
Proposition 4.2. We have
div(ζg(ad y)(a)) = S
(
−
g(t)− g(t− u)
u
: a
)
.
Proof. It is suient to prove the statement for a monomial g(t) = tn with n even. We argue
like in the proof of proposition 2.2, replaing x with y, and str with strq. Proposition 4.2 is
equivalent to formula (54). 
Let r(t) = r0 + r2t
2 + · · · ∈ K0[[t
2]]. We onsider the funtion strq(r(ad y)) ∈ F (q).
Proposition 4.3. We have
ζg(ad y)(a) (strq(r(ad y))) = S
(
r(t)− r(u)
t− u
g(t− u) : a
)
.
Proof. It is suient to prove the statement for a monomial r(t) = tn with n even. We argue
like in the proof of proposition 2.3, replaing x with y, and str with strq. Proposition 4.2 is
equivalent to formula (59). 
Lemma 4.5. Let c ∈ K×
0
. For all a ∈ g we have
(147) ζαac (strq(wc(ad y))) + div ζαac − strq(θ
a
c ) = 0.
Proof. We rst onsider the ase a ∈ q. From the denition (116) of αac and propositions 4.3
and 4.2, we obtain
(148) ζαac (strq(wc(ad y))) = S
(
wc(t)− wc(u)
t− u
pc(t− u) : a
)
.
and
(149) div ζαac = S
(
−
pc(t)− pc(t− u)
u
: a
)
.
From the denition (134) of θac and equation (146) we obtain
(150) − strq(θ
a
c ) = −S(qc(t− u) : a).
Thus, the left hand side of (147) is equal to S(s(t, u) : a) with
s(t, u) :=
wc(t)− wc(u)
t− u
pc(t− u)−
pc(t)− pc(t− u)
u
− qc(t− u).
Lemma 4.4 shows that to prove (147), it is suient to prove that s(t, u) belongs to the ideal
(t2 − u2)K0[[t, u]]. For this, it is suient to prove that we have s(t, t) = 0 and s(t,−t) = 0.
We have (see (141))
(151) s(t, t) = w′c(t)pc(0)−
pc(t)− pc(0)
t
and s(t,−t) =
pc(t)− pc(2t)
t
− qc(2t).
Strangely enough, we already notied the relation s(t, t) = 0 in formula (140) and the relation
s(t,−t) = 0 in (133).
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Last, we onsider the simpler ase a ∈ h. The proof is the same with pc(t) replaed by −t,
and qc(t) replaed by 1. We have s(t, t) = −
−t
t − 1 = 0 and s(t,−t) =
−t+2t
t − 1 = 0. 
Theorem 4.6. Let g = h⊕q be a symmetri pair suh that q is free of nite rank. The Jaobian
J ∈ F (q) of the exponential map q→ G/H is given by the formula J = J1.
Proof. We verify that J1 satises the onditions of lemma 3.3. We already showed that δ(J1) = 1
in formula (143). Let c ∈ K∗
0
. For a vetor eld α ∈ F (q, q) we get from (30) the relation
ζα(Jc)
Jc
= ζα (strq(wc(ad y))) .
Let a ∈ g. We reall the notations αac ∈ F (q, q) and θ
a
c ∈ F (q, h) in theorem 4.5. The seond
ondition (98) of lemma 3.3 follows from lemma 4.5 hoosing c = 1. 
4.4. Gorelik elements. We reall the denition (1) of the twisted adjoint representation ad′
of g in U(g). We extend ad′ to a representation of U(g) in U(g) and we onsider the map
γ˜ : U(g)→ U(g) dened by
(152) γ˜(u) = ad′(u)(1) for u ∈ U(g).
Remark 4.8. By denition the map γ˜ intertwines the left regular representation and the twisted
adjoint ation.
Moreover, sine ad′(a)(1) = ad(a)(1) = 0 for a ∈ h, the map γ˜ gives a map
(153) γ : U(g)/U(g)h → U(g).
Lemma 4.6. (Gorelik [9℄). We have γ ◦ β|S(q) = β ◦ I2.
For example, for b ∈ q, we have γ(b) = ad′(b)(1) = b1 − 1σ(b) = b + b = 2b. Thus γ is an
isomorphism of oalgebras from U(g)/U(g)h to β(S(q)).
Proposition 4.4. i) The submodule β(S(q)) ⊂ U(g) is stable under the twisted adjoint
ation;
ii) as a g-module it is isomorphi to U(g)/U(g)h;
iii) the map β : S(q) → β(S(q)) intertwines the representation C2 with the twisted adjoint
ation.
Remark 4.9. The rst assertion is due to [1℄, the seond to [9℄, and the last one follows from
remark 4.8, lemma 4.6, theorem 4.3, and remark 4.2.
We assume moreover that the dimension of q is (0, q) and that the unimodularity ondi-
tion(10) holds. Let (ei)1≤i≤q be a totally ordered basis of q, and (x
i) the dual basis of q∗. We
have F (q) = K[x1, . . . , xq] and the formal sum (143) whih denes Jc is nite. We reall that,
by theorems 3.1 and 4.6, the element
β˜(J1e1 . . . eq) ∈ U(g)/U(g)h
is basis of the K-module of g-invariant elements of U(g)/U(g)h, and a basis of U(g)/U(g)h as
a F (G/H)-module.
Theorem 4.7. Let g = h ⊕ q be a symmetri pair suh that q is free of nite rank (0, q) and
suh that the unimodularity ondition (10) holds. Let (ei)1≤i≤q be a totally ordered basis of q.
The element β(J2e1 . . . eq) ∈ U(g) is a basis of the K-module of the invariants of the twisted
adjoint ation of g in β(S(q)).
Proof. Reall that J1e1 . . . eq is an invariant for the representation g ∋ a→ C
a
1 (see theorem 4.3,
ii). Then the theorem follows from proposition 4.4 part iii, remark 4.2, and Ic(J1e1 . . . eq) =
cqJce1 . . . eq. 
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The following orollary is the partiular ase of theorem 4.7 orresponding to K = K0, h = g0,
and q = g1 free of nite rank. We state it in the onditions of the introdution.
Corollary 4.3. Let g = g0 ⊕ g1 be a Lie superalgebra of nite dimension (p, q) over a eld K
of harateristi 0, and d ∈ Sq(g1) with d 6= 0. Assume that the unimodularity assumption (2)
holds. Then β(J2d) is a Gorelik element of U(g).
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